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references. (YP) 
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^•TEACHING COMPUTATION THROUGH CONCEf^T DFVFfLOPMENT" 

INTRODUCTION 



Traditionally, if students are asked, '*Do you like math?'* the majority 
response will be negative. V/hen asked "Why not?" thoy will usually give 
reasons like, *Mt's too hard; I aon't understand it; I'm not good in math"; 
or "It's boring." These are the attitudes we are seeking to change In ordor 
to improve students' computational and problem-solving abilities. 

In many cases the textbook not only determines the math curriculUTi but 
also the methodology. Charles Si Iberman says that educators have the idea 
that they have a "moral contract" to teach the text and lose sight of their 
real responsibility to toach students. 

Our traditional method?^ teaching math have been great motivators. 
They have nx)tivated students to take as few math courr.cs as possible. They 
have emphasized n^stery of small isolated skills. They have neither allowed 
nor encouraged students to discover and become independent, confident 
problem solvers. 

It is not to say that textbooks and traditional methods of instruction 
are all bad and should be thro^vn out. They certainly have their place In 
the curr I cultri. They just don't provide l\\e starting point for discovering 
mathematical relationships. They only provide the n>eans for expressing 
those relationships symbolically. 

Based on National Assessment Rcr^ults, students are learning much of 
their arithmetic by rote, without the needed understanding to apply these 
concepts to solve problems. Teaching -^ules by rote without developing 
understanding results In students who rely on recipes rather than thinking 
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through the process. They are then uniible to make yenoral I zat ions anci apply 
the skills in problem-solving situations. 

Concepts have the best chance of being understood when developed 
through experiences with tangible materials. ManlpulatI ves allow students 
to become active learners. They are irot ivat lonal as well as producers of 
involvement, understanding, c.nd achievement. Concrete experiences allow the 
student to move toward a lt3vel of understanding at v/hich generalizations can 
be discovered. Then, at that point, it is appropriate to attach the 
abstract ninerical synbol i zat ion. 

The purpose of this workshop is :o demonstrate methods for teaching 
computational concepts beginning with concrete materials and moving to 
expressing these concepts abstractly with nunerical synijols. The format for 
teaching each of the concepts will follov; a process which was developed by 
the late Mary Ba»-etta-Lorton and is known as Concept/Connecting/Symbolic, 

Traditionally, we begin math instruction vj\lh the symbolic as in a 
textbook; but we will begin by developing an understanding of the concept by 
using concrete materials to solve problems. At this level, you will be 
Introduced to a concept v/ith a variety of experiences using a variety of 
materials. In this first stage, we will use no numerical symbol ! zat ion. 
Symbols often get in the way of discovery anc developing understanding. 

When students become comfortable and confident v^itl^ the materials and 
concept, the concrete experience will be connected to its abstract, 
numerical s^/mbo1 izat ion. At the connecting level, the teacl.v.r only nx)dels 
the connection; this forms a link between the learner's experience and the 
written abstract iori. Thp students continue to use manipulatives to express 
relationships and solve problems while the teacher records what they are 
doing with symbols. This connection doesn't automatically happen; it has to 
be taught, 
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The final level, which is tradilionr.l ly where math instruction begins. 
Is the symbolic. At this level, the student lias deve' jped an understanding 
of the concept and is ready to do his own recording of symbols that 
represent the concept. When matH instruction begins at this level, the 
student is just beinq tnught »'to do the page'' instead of developing an 
understanding of the concept. 

The majority of our time, as it should be in the classroom, v/i 11 be 
spent at the Concept level. Rushing through this first step usually results 
in the need to backtrack. It hao been rfxorrmended that SOl of time be spent 
at the concept development level, 30% at the connecting level, and only 10^, 
at the symbolic level. 

As you participate in this workshoo, allow yourself to CiSSLine the 
learner^s role. You will be interacting with peers and verbalizing your 
activities. This will enable you to internalize and communicate the concept 
as it Is "seen.'' This will aid in clarifying your thinking and help you 
discover other ways of seeing and doing. 

We can change attitudes toward math, greatly improve math scores, and 
help students become independent problem solvers when wc are able to change 
our approach and methods of instruction. It is our responsibility to try to 
bring about the kind of change that will ultimately make a difference. 

Remember, one of our goals as educators is to teach students how to 
think - to stretch their minds. 
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SORTING AND CLASSIFYING 



In this session we are going to work on sane ideas that can be used in the 
classrooTi for teaching sorting and classifying. 

Place a junl< bag on each table — buttons, screws, l<oys, etc.) 

First, I would 1 i l<e for you to worl< in groups of four or five. 

Next, pleasp empty your junl< bags. I would lil<e for you to sort your junl< 
into two different ways, (Ex. round, square, etc. Give a few minutes.) 

CAsk for volunteers or ask someone from each group'^ to share. Discuss.) 

Now, I would like for you to sort your objects again in a different way. 
CGive a few minutes. Discuss.) 

This time we are going to sort our objects in a different way. When you 
finish, write your answer on this sheet of paper and turn it over so that no 
one can see your answer. 

Next, I would like for you to visit eacii others tables and try to guess how 
each group sorted their objects. When you think you know the answer, check 
by looking at what was written on the answer sheet. 

Try to come up with a good way to sort your junk in order to out-smart the 
other groups. 

(Go around to each table and discuss sorting. Discuss with the group the 
language development that v/ill evolve by using this activity.) 

This activity brings about a lot of language development that is relative to 
math and reading. What are some of the words we keep hearing in our 
discussion of this activity? 

(Let the participants respond.) 
Exanples: large, small 

whole, half 

big, 1 i ttle 

long, short 

I need everyone to come to the midaie of the ror/n. We are going to sort and 
classify ourselves into groups. Ive wi]1 r.akf: turns sending each group out 
of the room. Upon their return, they will have to guess liow we have sorted 
and classified ourselves. 

Examples: open toed shoes/closed toed shoes 
shirts in/sh!rts out 
earrings/no earrings 
ties/no ties 
buttons/no buttons 
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(Give out blocks--dif ferenl sizes and colors*) 

We will use blocks for our next activity. In your bags you have four 
different shapes. Ccircles, squares, diamonds, triangles) 

I want you to sort your blocks into two groups. 

Examples: straight sides /not straight sides 
points/no points 
circles/not circles 

(Discuss how there ore iots of different ways to describe the Scene group. 
Exanples: points/no points would be the same as circles/not circles which 
would be the same as straight/not straight sides* You want the students to 
understand that there Is more than one way to describe something or more 
than one way to do something.) 

(Another activity vJou]d be to ask a student to pick up the large, green block 
and show it to their classmates. This lets you know that the students 
understand the meaning of terms such as large and green. Actually ask the 
participants to do this activity.) 

Another idea is for the teacher to pick up a block and ask the students to 
describe how it looks. Example: small, blue, square 

I would like for each person to pick up one block. (Lot the participants 
take turns describing their blocks.) 
Exanples: large, yellow block 

big, green block 

sma 1 i , red c i rc 1 e 

big, red square 

Again, this Is a good language developnx>nt activity for reading as well as 
mathematics. 

To extend this activity cind for further language development^ you may ask a 
student to describe a block and then fiave other students describe the sane 
block. 

Ncy^ we will work on what we term the "Train Activity." I would like for you 
to use your blocks to nBke a train. Listen to your directions. 

All of the blocks must touch, including the beginning block and the ending 
block. The touching blocks can only have one di 'erence. For example: You 
could put a large, green block and a large, yellcv^ block together because 
there is only one difference, (color) Another example: You can't put a 
small, yellow block with a large, red block because that would be two 
differences, (color, si ze) 

(Give them time to make a train. Ask the participants to visit each other's 
tables. Look nt the trains and discuss.) 

The activities that we have discussed up to this point fiave been to give you 
Ideas concerning how sorting and classifying can be taught to your students. 
Mow we are going to rrove on to the Beginning NLrTt)er Concepts. 
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BEGINNING NUMBER CONCEPTS 



Students need a lot of concrete experiences before they move to abstract 
math. In thib session the concept/connecting/symbolic approacfi will be used 
for developing nLnber concepts. Let's review these three levels of 
mathejTiat i cs instruction. 

CD At the Concept Level s students experience concepts tfirough the use of 
concrete materials. No symbolic representation of the concept Is 
introduced. At this level. It Is Important that stiidents Interact with 
a concept In a variety of ways, using a variety of r,viterlnls, 

C2) At the C onnecting Level s the concept, as concretely experienced by the 
student. Is connected to the mathematical synt)ol Izat Ion tfiat represents 
the concept. The teacher does the connecting, and the student must 
cil ready have a firm grasp of the concept, 

C3) At the Synt)ol Ic Level , the students themselves write the matnematlcal 
symbols to represent the concepts they have learned. They may still 
use concrete materials; they will drop them when they are ready. 
Remember, the students should be the ones to push the currlculun, not 
the other way around. Also, at this level the symbols are not the 
vehicle for teaching the concept. They a^'e used for recording concepts 
that have already been learned. 



This session focuses on development of beginning narfcer concepts utill7lng 
the Concept/Connect I ng/Symbol I c approach. Included are concepts of nLmbers 
from 0-9. The goal'> for teachers are both to learn how to assess children's 
ntirber understand i rigs and how to teach nLmber concepts In a way that Is 
understandable to students. The approaches presented In this session are 
based on the work of Mary Baratta-Lorton In Mathen^tlcs Their Way and 
Work Jobs 1 1 , These books offer fuller development of the concepts presented 
In this session, 

'^Imc- Activities Materials 



OVERVIEW 



Ntrber Stations 



beans spray-painted on 1 side, 
jewels, flat toothpicks, junk, 
Unlfix cubes, pattern blocks, 6''x9'* 
black and white newsprint and 
construction paf>er, paper pattern 
block shapes, 12''xl8'' newsprint^ 
glue, sn^l I cups, crayor.>, stapler 



Assessing NLnber Concepts 



counters 



Additional Activities 



6**x9" construction paper for working 
space papers, beans, cubes, 
margarine tubs, naneral cards. 
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To do before the session: 



Col lect malerla] 

Set out materials for nijrber stations. 

Make working space papers from 6** x 9" construction pnpor by drawing 10 dots 
In 2 rows of 5 (^ach on one side. 
Make naneral cards 

Initial Discussion 

In this session, we will explore ways to help students develop the beginning 
concepts of ntmber. These activities surround students wltli nunber concepts 
using a variety of concrete materials. The goal is for students to learn to 
deal flexibly ♦vlth nuiters and to discover and develop understanding of the 
mathematical relationships between nurbers. The Concep t/ Connect I ng/Symbol ic 
approach will be used In all the activities. 

There are three se<^nts to this session. First Is the presentation of the 
Norfcer Station approach for exploring number. During this time, your 
responsibility is to get involved In depth with each material you explore. 
The more you explore the materials as learners, the more you will see the 
potential In the experience for students. Following this, you will learn 
specific ways to assess children's nurfcer understanding. Finally, a 
collection of additional activities will be presented. The goal Is for you 
to feel the limitless possibilities for presenting nurber conc-epts to 
students in ways that respond to how they learn. 

Six different stations have been set up, each with a different material for 
you to explore. You are to explore the number 5 at each station. You can 
choose where you want to work, and move from station to station as you wish. 
Try to make 8 lo 10 designs at each station. CModel briefly at each 
Stat Ion. ) 

Also, try to think about what the student would be Intuiting, and what is the 
potential for mathematical discovery In the experience. We will discuss the 
experience afterwards as It relates to children's developn)ent of nait)er 
concepts. CHnve the teachers explore for about 15 minutes.) 

By working with these materials In this way, students have many experiences 
with the concepts of counting. Invar lance, and the combinations of the 
nimber. The reason for having them use a variety of materials Is so i.hat 
the student does not associate nirt)er with any one material, but »;ith the 
underlying concepts In all nvnterlals. 

V/hlle the students are working, your Job Is to circulate and ask questions 
to encourage language development. 

(Sketch a toothpick design on the chalkboard or use some design on a table 
I f al 1 can see It . ) 
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Here are examples of the kinds of questions It Is Important to esk: 



What does this design remind you of? 

I see 2 and 3. Who thinks they know what Pm looking at? 

How would you describe this design with numbers? Whiat is another way? 
Another way? 



Concept Level 

YouMl now make records of the designs at the nunber stations. (Explain 
briefly how to do this at each station.) Again, work where you like. 
Synt)ols have not been used so far; this Is still exploration a^ the Concept 
Level. You may not have time to get to each station,- but we will discuss 
what to do with each afterwards. (Allow them about 8 to 10 minutes tor 
this. Then collect examples of recording for pattern blocks, toothpicks, 
and Junk. You may want to bring some of your own to have available for 
Lnl s. ) 



Connecting Level 

It !s the teacher's job to connect tfie children's experiences to the 
mathematical symbols. This Is the Connecting Level. 

(Spread examples of recordings from the pattern blocks, toothpicks, and junk 
on the floor. Have the group gather around. Ask questions. Lead them from 
word descriptions to nuitjer combinations. You record their responses for 
designs on 6'* x 9*' newsprint, placing your recording on top of the design 
described. When all have been described, gather them up and staple them 
into a book. Read the book together.) 



Symbol Ic Level 

At the Symbolic Level, the students once again rebuild at the number 
stations, but also record using the correct matheTiatical symbols. 

Using the recordings from the Unlfix cube, sprayed beans, and jewels 
stations, students can cut their recordings Into separate pieces, record the 
nunber sentence, and then staple them into tiny books. (Model making one 
for the teachers.) 



Fold a piece of 12" x 18'* newsprint Into eights. 



Build a design In each area using one material 
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Record a nunber cunt^i nation for each design. 



Clear your paper. 




Rebuild each nir±)er connblnat ion usir.g n different material. Then clear your 
paper and build again, or exchange and build on someone else's paper. 



Review 

What is the value of nunber stations for students? They develop a flexible 
view of rwsrher, familiarity with nLnber combinations^ experience with the 
invar iance of number, counting reinforcement. 

Wfiat are the differences in the Concept, Connecting, and Symbolic Levels? 

The experiences that students receive through involvement in the nunber 
stations goes beyond merely counting to 5 or making pretty designs. The 
number stations also present problem solving situations. For example: 
How many different designs can you make with 5 toothpicks? Hov; many 
different combinations of 5 can you make with the jewels? Does any 
particular combination of sprayed beans cane up more often than others? 
Why? In dealing with nuit^er concepts, you also are developing ideas in the 
other strands as well. 
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Assessment 



BEGINNING NUMBER CONCEPTS (0-9) 



Teacher 


Child 


Interpretation 


"Count 5 blocks into 
my hand." 


Child is able to do so. 


Appropriate level. 
Shows ability to count 
with 1-to-l corresfon- 
dence. 




Child is un/(able to do 
so. 


Inappropriate level . 
Try it with 3 blocks. 
If this is not possi- 
ble, do not go on. 


"How many blocks do I 
have in my hand?" 


Child says "5" without 
counting. 


Appropriate level. 
Child conserves for 5. 
Ask next question. 




Child must recount. 


Inappropriate level . 
Child doesn't conserve. 
Try with 3 ;)locks. 


Hide some blocks in 
one hand and show the 
ouners. /*.i>j\. nov/ 
many am I hiding?" 


C^ild answers instantly, 
correctly, and confi- 

v.ic 11 L ± y • 


Appropriate level. 
Check several other 

assess for 6. As long 
as the level is appro-- 
priate, continue asses- 
s ing up to 10. 




Child guesses wrong, or 
cannot guess, or does 
not know instantly v/ith 
confidence. 


Try several other con- 
binntions to make sure 
levol is inappropriate. 
If so, try again with 3 
blocks. 



(This is adapted from Mathematics Their Way by Mary Baratta-Lorton, 
p. 187, © 1976, Addison-Wesley Publishing Company.) 
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Additional Activities 



TInese activities are additional wnys ir help students develop ntmber 
concepts. They are suitable to do with small groups of 6 to 8 students who 
have been assessed at the sane leve'. They will all be presented first at 
the Concept Levels with no numerical symbols used. The Connecting and 
Syrrbol ic Levels will be presented afte^^ards. 

Activity I The Cave 

Students put blocks on the blanl< side of their working space papers In a 
straight line. They make a cave with their right hands^ and slide the 
objects with their ctfier hands. They read the combinations with the cave in 
place^ and then thoy lift and read the combination again. 





"RiaeTVirCe " "J^^TvaCiUiClL "Uf ■ Two tUliirtfC 



Activity II Cover Up 

Students put objects on a line on the blank side of their working space 
papers. You tell how many cojects you want them to cover up with their left 
hand. Then they count, starting with the nunber they covered up. 






Activity III Grow and Shrink 

You say nunbers. Students make sure that many objects are on their working 
space papers. They use the side with the dots^ and place the objects from 
left to right. 



• • • • • 

"Five 



f f • • • 




"Six" 



< # « • • 
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Activity IV The Tower Game 



Havf the students each build 5 towers t.sing Unlfix cubes. Each tower should 
be of all one color and 1, 2, 3, 4, anJ 5 ?ong. You call out nurters, and 
the students show it using the towers needed* 




Activity V The Hand Game 

The students all take the sanx? norfcer of objects in their hands. They shake 
their hands so some objects are in one and some in the other. They open one 
hand at a time and read. The word "and" is the signal to open the second 
hand. 




TWO Thr€C 

Activity VI The V/all Game 



Students line up their objects. They wall off the nLmber you say^ using 
their hand for the wall. Then they say the combination. 






Activity VII The Bowl Game "^^^^ (Jffone "^-M^H # "Ha«?'' ''^(l off 



Students each have ?i bov^;l and the same number of blocks. They put the 
blocks under the overturned bowl, and then take some out and put them on 
top. They say tl.c combination of blocks on top and underneath. The word 
"and'* is the siapcl to lift the bowl. 




Simnary 



Not only are the Ideas presented In this session designed to give you 
practical suggestions to take back to your classroom^ they aim to open up 
new ways for you to look at your children's learning. In working with these 
Ideas, the search Is always to find ways to teach students thel r way, 
learning to observe them to get the Information you need to know when and 
how to move along. The students should be the Impetus for moving along In 
the currlculan; x,nc curriculLin should not be pushing the students. 
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PLACE VALUE 



Understanding place value is tiie key to understanding the structure of our 
noTiber system. Using manipulatives, offer students models to help tiiem see 
and understand the patterns in the structure of ntinbers. 

Our number system relies on grouping objects into lO's and using those 
groupings to represent larger nunbers of things, Thougii the nunber 10 Is 
key to the grouping in our nimber system, the concepts of grouping and 
counting groups are basic to understanding place value. That is, the 
important concepts are making groups and counting groups instead of counting 
individual objects. Tfiese concepts, in turn, need to be connected to the 
appropriate r.ymbol ization. 

When learning a new concept, most students need a concrete model to help 
plant the concept in their minds. When students manipulate concrete 
materials, the structure becomes part of the l3arners. Rote learning, 
however, is not so lasting because there is so little foundation behind the 
learning. 

To provide concrete experiences, teachers need to know the materials to use 
and the appropriate activities for the learners to perfonm. 

Learning can be hindered when the teacher provides the wrong materials or 
presents Inappropriate activities. 

Before base 10 is established, kindergarteners and first graders may form 
many kinds of bases or sets. For example, given 11 objects, the teacher may 
ask how many sets of 3 and how many leftovers. The students make 3 sets of 
3, with 2 leftovers. This should be repeated with many groups of objects, 
making sets of 2, 3, 4, and !>. Some should have no leftovers. All examples 
should be recorded. 

The purpose is for students to see that objects can be grouped in many 
different ways. 

Bundling is a good way of developing the concept of Base Ten with young 
students . 

First, students must learn the symbols for the ntmbers 0-9. Then they learn 
that when another object is joined to 9 objects, they form a bundle of 10. 

By bundling sticks or straws, students are involved in making sets of 10. 
Any timie the student needs to check, the rubber bands may be removed to show 
10 ones in each set of 10. Students now begin to cojnt. As they are 
counting^ they need to see that sets of 10 are counted the same way they 
count ones, i.e., "1 ten, 2 tens, 3 tens.^* Now students noed to learn the 
words; ten^ twenty, thi rty, etc. 

After tfiey are comfortable with counting tens, they should begin to count 
tens and ones. 
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After thev are comfortable counting tens and ones, they should learn the 
words; el even , tv;el ve , etc. 



The same pattern should be used for teaching students to count with 
hundreds. 

Doing this, students develop a pattern that is necessary for understanding 
later work with large nuTt)ers. Students begin to see that each time there 
is ten cf a set, a nev; unit is formed. This is the patt(?rn. 

Let me share a true situation with you. (Read the following,) 

Alice Lang was excited about the new school year. After seven years as a 
kindergarten and first-grade teacher, she'd wanted a new challenge, and this 
year she would teach fifth graders. With the grade's math instruction 
grouped by ability into three classes, Alice had asked for the slower group 
because she had a talent for working patiently with youngsters and making 
tough subjects understandable. 

Three weeks into classes, she reached the review in the math textbook on 
multi-digit addition, subtraction, and multiplication. The blank faces of 
her students told her that few of them had any Idea of place value, A 

problem like 46 + 55 32 = put them In left field. They were confused 

when a ntmber had to be carried over from one col am to the next. 

Alice scouted around the classroom for materials. In the back cupboard were 
the expected stacks of blank paper and several boxes of mimeograph 
masters — but no counting sticks, base ten blocks, not even a abacus to show 
youngsters how to work with units of one, ten, and 100, 

Undaunted, Alice decided to Improvise, She asked each student to bring In a 
box of paper clips while she bought some sandwich bags from the supermarket. 
Each student interlocked the paper clips In chains of 10 and counted off 10 
of the chains to put Into a sandwich bag representing 100. 

When finished, every student had a sandwich bag of 100 paper clips, some 
loose chains of 10, and leftover single clips to stand for ones. For four 
days, Alice demoristrated the place value of whole nijrfcers by having the 
students count out the clips as they did addition problems. They finally 
cauc:ht on. 

As she was about to nx)ve on to regrouping with two and three-digit problems, 
the math supervisor dropped by. As Alice recounted the place-value 
incident, the supervisor gave her a long, hard look before speaking. Then 
she began, "The Iowa Test of Basic Skills comes In just three or four weeks. 
Forget place value and concentrate on decimals and long division. And it 
might be a good idea also to run by fractions, even if time is short* At 
least the students will have been exposed to them." 

The key word In the supervisor's vocabulary was "exposure," and the 
overriding concern was to prepare students for next year's malhemat Ics, and 
Alice sadly concluded. It didn't seem to matter If the students had not yet 
learned their earlier math. "Forget second-grade math," said the supervisor 
firmly, "and teach fifth-grade." 
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Alice was disheartened. fJot one to make waves with administration, she 
acquiesced to the supervisor's advice — kidding herself that place value 
lessons might be reinforced when it came time to do computation with 
decimals. The supervisor needn't know. In the end, though, she just 
fol lowed orders. 

Many teachers feel uncomfortable with the mathematical approaches or 
strategies suggested in the teacher's guide. They sometimes rationalize 
that these approaches are far too advanced for their classes or that It just 
"isn't their style." Often these strategies involve teaching the "why'' 
behind the procedure. Alice Lang's review of place value with paper clips 
illustrated such a strategy. 

Because many teachers have learned only how to do computation and not the 
mathematics behind the procedure, they avoid teaching the supportive 
reasoning to their students. These teachers Instead opt to present 
mathematics as a series of rules and procedures to be tediously followed 
without explanation. 

The activity that we are now going to do will show you a sequence for 
Introducing the concept of place value to students. 

Place Value - Model I 

Materials: counters, cups, Unlfix cubes, place value boards 

Say: The goal for place value Instructlcn Is to give students a concrete 
urderstanding of how our base ten nunber system works. In order to achieve 
this goal, students need to explore grouping In bases other than ten and 
examine the patterns that result. Once they understand the patterns with 
smaller groupings, they can understand the same patterns In base ten. 

I'll model how to introduce tills to students while you participate with the 
material s. 

We are going to piay a special counting game. In this gaiie we can't say 
"four." have to make up a new word that means four and that doesn't mean 
anything else. V^/ho can give us a word. (Have them pick one~"glub.") Here's 
how we count: one, two, three, "glub." Let's count this table and rake some 
"glubs." (Do this with several things In the roan.) Let's now do this with 
your beans. This time, every time you make a "glub,'* put it In the cup. 
(Do a few togetlier.,) 

On your place value board, the shaded side Is for glubs, and the other side, 
on the right, is for loose objects. Each time I say "plus one," put a bean 
on the right side of your board. 

Let's try it: "Plus one.'* hJow there are zero glubs and one on your board. 
Once more: "Plus one." How many now? (zero glubs and two) "Plus one.'* 
How many? (zero glubs and three) "Plus one." Now you have enough for a 
glub. Put the beans In a cup and move It to the shaded side of your board. 
What do you have now? (1 glub and zero) 

(Continue In this way up to 3 glubs and 3. Then start saying "minus one." 
Continue up and down.) 
O 16 
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When doing this with students, play the same game over until tl^ey are 
comfortable and can anticipate what comes next. Then the students need to 
go through the same experience with other groupings, choosing other nonsense 
words for different ntnbers. Alternate using counters and cups, and using 
Unlf Ix that yet snapped together. 

At the Connecting Level 

At the Connecting Level, you help the students see the nariber patterns that 
evolve from counting and grouping. Play the counting games as you have, but 
this time record each time they report what Is on their boards. Let's try 
It with Unifix cubes, using a nonsense word for the nurfcer five. What 
nonsense word should we use? (Use their word; this Is written using 
"zurkle.'O How much is on your board now? (Zero *'zurkles" and zero. You 
record.) Plus one. How many now? (Zero "zurkle** and one. Record. 
Continue to four *'zurkles" and four. Loop the patterns on each side of your 
str I p.) 



(On the overhead make a recording that looks like this: 



0 


0 


0 


1 , 


0 


a., 


0 


3 


o' 


11 


1 


Q 


1 


1 




X 


t 


3 



With the students, on succeeding days, you wou'd repeat this activity using 
other groupings and changing the material. Also do It for minus one, 
starting with four "zurkles" and four on the board, or three "glubs" and 
three. 



Also, at the Connecting Level, repeat', the same procedure, but record on a 
grid instead of In a coluin. Use a x 4 grid for groupings by ^ a 5 x 5 
grid for groupings by 5, and so on. A chart for "glubs** wouK look like 
this: 



(Show transparency.) 



00 


01 


01 


03 


10 




]X 




10 






23 


30 




3i 
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At the Synt)o] ic Level 



Once the students understand, they can do their own recordings on strips of 
adding machine tape or on grids. Students should do the "Plus 1" and "Minus 
1" versions with "fours," "fives," and "sixes." They can then extend their 
explorations to "Plus 2," "Plus 3," and so on, as well as exploring 
groupings of 7, 8, and 9, 

After sufficient experience wltfi other groupings, grouping by tens bccome^s 
the focus. At this time, move quickly through the teacher-directed lessons 
as you did with glubs and zurkles. The students then explore the patterns 
in base ten by adding and subtracting by ones and recording the patterns. 
Then explore other patterns by adding twos, threes, fives, and so on. 

To reinforce and provide drill and practice with place value, let's do an 
activity cal led: 

Measuring Lines 

Materials: Task cards and Unifix cubes 

Guess how long it would take to fit along the lines. Then place the cubes 
on the lines and group them by tens to count. Record on a v/orksheet. 



C 



(On an overhead, explain the v/orksheet.) 












C 

t 









Place Value - Model II 

Materials: Base 10 blocks, FLU boards, dice 

In this activity we will use base 10 blocks to introduce the concept of 
place val ue. 

The first step in Instruction is for students to have the opportunity to 
explore the materials. If possible, they should be available for students 
to handle and build with before starting any formal Instruction. When 
showing students the materials. Identify the names. The smallest Is called 
a unit . Then there is a long . Ask them to predict how many units you'd 
have to stick together to make a long; then have them check their 
predictions. Show the flat and have than figure out how many longs it takes 
to make a flat and how many units, also. 
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There Is a rationale for using the names unlt^ long^ and flat at this time 
Instead of one, ten^ and hundred* The idea Is to keep the emphasis on the 
concrete materials. If you say ten^ youVe likely to trigger the symbolic 
Image of 10, the 1 and the 0. The word long ^ however, describes the 
material without the symbolic interference. 

At the Concept Level 

The FLU boards are place value boards that serve as organizers for the 
materials* Students need to knew where the units, longs, and flats are to 
be put on the board. This Is obvious to them once they're told. 

Three games that hel p students get needed experience wl th group! ng and 
exchanging are introduced at the Concept Level, They can be played with 
partners or In a small group. Each player needs a FLU board, access to the 
materials; each group needs a pair of dice. 

Game ftl : Race for a Flat 

Each player In turn rolls the dice. The sun tells how many units they get 
from the central supply. They take that many units, put them on their board 
In the correct place, and do any exchanging they can. Then they pass the 
dice to the next player. The first to get a flat wins. (Stop and give them 
time to try this game.) 

Game #2 : Clear the Board 

All start with 1 flat, 1 long, and 1 unit on their board. The Idea is to be 
the first to clear the board. Again, take turns rolling the dice. The sun 
tells them hew many units you can remove from your board. You need to clear 
your board exactly. If there are 7 units left and that's all, you can't win 
by rolling a sun larger than a 7. You must roll 7 exactly, or less. 
Players can elect to roll Just one die If they wish, (Give them time to try 
this,) 

Game 05 : What' s In the Bag ? 

This works best for tv/o players. One hides some of the blocks In a bag and 
the other guesses what Is hidden. The player who hides the blocks gives 
some clue; the other guesses by placing blocks on the FLU board. Here are 
some samples: (Make sacks for each of these.) 

I have made all possible exchanges. My blocks are worth 31. (3 longs and 1 
unit) 

I have made all possible exchanges. I have 4 blocks, including 3 different 
sizes. They are worth less than 113, (1 flat, 1 long, 2 units) 

I have not made all possible exchanges. I have 14 blocks. They are worth 
23. (1 long and 13 units) 

If students write their clues, you'll have a class set of task cards to use. 
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At the Connecting Level 



When the students are Involved with the yaiies, no symbolism Is used. The 

focus Is entirely on exchanging with the materials. Introduce the symbolism 

In the jntoxt of additional activities that still Involve using the 
materials. 

The following tv^ activities are designed to give students additional 

experience with place value wriile linking their activities to the 
appropriate symbolism. 

Who Has Ntore ? 

Two students work together. One rolls one die three times. The first tells 
how many flats to get; the second tells longs; the third tells units* When 
all have their blocks on their FLU board, they each record their nuTt)er on a 
joint recording sheet. Then they circle which one Is more. 

Wh o nr. "^^'ore ? 




How Many fAore? 



Model this with a small 
together on a worksheet. 
That's 3 



group. Once they get the 
Here * s a sampi e : Put out 
board. That's 3 flats, 8 longs, and 1 unit. 381, 
381. Ask: What additional blocks would you need so 
flats on your board after you've made all exchanges possible. Notice the 
variation In the language. Interchanging the various forms helps to keep 
students flexible. 



Idea, they can work 
3, 8, and 1 on your 
Record on the board: 
you'd have exactly 5 



At the Symbol Ic Level 



in 



At this level, students deat with the concepts symbolically, without the use 
of materials. Again, games are useful v;nys to keep students motivated while 
providing the needed reinforcement. We'll try two games suitable for this 
purpose . 
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GameJU: The Largest Wins 



For two players, each draws a gameboard as shown. They need a 0-9 spinner. 
(A die can also be used.) They take turns spinning the sninnor. For each 
ntniDer that cc^mes up, they each write It In one of the b;anks on their 
gameboard. Once a nurfeer Is written. It cunnot be changed. They continue 
until they've filled In all blanks. Whoever has the larger nuiter wins, 
providing he/she can read It. (Stop and play this with the class.) 

LJ, L_L._U 

□Vjecf 

Game tt2: Roll to Win 



For two players, each draws a gameboard as shown. They also need three dice 
or three 0-9 spinners. For a first turn, each player rolls or spins all 
three and uses any two of the nurters to make a two-digit nurter that he/she 
writes In the START box. Then on each subsequent turn, players roll or spin 
all three and use any two norters to make a two-digit nLnber that Is greater 
than the previous one on their list. If they cannot make a nLfit>er that Is 
greater^ or choose not to, they skip that turn. The first to fill In all 
the boxes wins. 



Assessing Place Value 

There are several ways to assess your students' understrjnding of place 
value. (Sha/V transparency.) 

1. Give a student 24 or so counters and ask hin or her to put them into 
groups of 10. Wlien they've done this, ask three questions: 

1. Hav many groups do you have? 

2. How many extras? 

3. How many counters ar^ there altogether without counting them up one 
by one? 

If the student cannot tell vWthout counting, that inr'^cates he or she Is not 
making use of the grouping by lO's ond needs iTOre concept work. 

Check to see that the student can count by lO's up to 100. Up to 150. 

Give the student ^hree numerals on small cards. Ask hjm or her to make 
the largest niirfcer possible from arranging these throe numerals. Ask 
for the smal lest. 

21 



^. Dictate several nunbers. The ones that will pick up lack of 

understanding are those with zeros in ttiern: 107,2003, ^f020, and so on. 

5. Show the student various three- and four-digit numbers and ask him or 
her to read them. 

Even for older students, it*s important that understanding of place value be 
checked. Confusion in this area can cause confusion in dealing with 
operations on norbers. The base 10 materials are used extensively to 
Introduce all the operations with whole nurt^ers as well as for decimals. 
Even If your students have the cor.cepts, they will need to become familiar 
with the materials in order to use them effectively. The activities 
suggested are useful for that, regardless of their level of understanding. 
Students v/lth we 1 1 -developed concepts may need less work with the 
activities, but they should not be entirely skipped If the concepts are new 
to them. 
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ADDITION 



This workshop session will be devoted to the mathematical operation of 
addition. Before getting into the addition procebb, students need to 
understand exactly what addition means. Addltl'^n Is simply the joining, 
combining, c jniting of sets. Students need a lot of concrete experiences 
to help V 1 understand the operation v/hile learning how to get correct 
answers. 



Two approaches for teacning addition will be demonstrated in this session. 
The first approach is from Marilyn Burns and the second approach is from 
Lola May. In order to TOdel these ap-^oaches, the presentation will be made 
as If it were being d^ e with stuaents. You will piny the role of the 
students as learners. 



Materials : Place value boards, counters and cups,- Unlfix cubes, ganizer, 
and nuneral cards. 

The Concept Level (Marilyn Burns niethod) 

WeVe going to use the place value boards and materials to solve some 
problems. 



Probi em: 



A field trip was planned for the class. All the students were given 

field trip notices. On Tuesday, 14 students returned them. On 

Wednesday, 9 more students returned their slips. How many field trip 
notices were returned on these two days? 



What is the equation for this problem? 
problem on the board, then continue.) 



(Ask for a response. 



Record the J 



Remember that on Tuesday, 14 students returned their field trip ^notL 
Show 14 on your place value boards. 



On Wednesday, 9 more students returned their slips, 
boards, but put them below the others so they don't get mixed up. 




Put out 9 mor e on your 




Now you need to find out how many field trip notices were returned In al 



Push the materials together. How miich do you have? 



/ 



respor 



1^ 



(Point the following out to the teachers.) You may get an initial 'res'p<irfS6 
of 1 ten and 13 ones. If so, record that and ask the students If they have 
113 on their boards. Tell them to exchange to make all the tens possible 
when finding out hew many you have altogether when adding. Then you have 2 
tens and 3 ones, and that is 23. Record that as well. 
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(Do another problem with the teacher.) 



Students were selling raffle tickets to raise money. Gary sold 26 raffle 
tickets the first week. The next woek, he sold 17 more. Hav many did Gary 
sell altogether? 

What Is the equation for this problem? (Write it on the board.) ^ L ^ - 

Let's solve it with our materials. Gary sold 26 raffle tickets the first 
week. Put 26 on your boards. 




mixed up with the others. 



V/hat do you need tc do with the materials to find out how many tickets Gary 
sold altogether? (Take responses: push them together or combine them or 
sane such.) Yes, combine the materials. Do you have enough I's to exchange 
for another 10? Yes. Do the exchange and see what you get. (4 tens and 3 
ones) Yes, 26 plus 17 is ^f3. (Record the result.) 

In the class, you would continue doing problems like this until all the 
students can follow along. Vary problems that require exchanging with those 
that do not. Notice that there is no attention to how to record the 
exchange. That is introduced at the Connecting Level. At the Concept 
Level, the focus is entirely on the process of the regrouping concretely, 
not on the symbolism that represents it. 

ReinforcecTient at this level is best done with students working in pairs to 
monitor each other, "^hey take turns, one using the materials and the other 
writing the result. Provide this practice both with word problems and 
without. When giving students isolated excimples to work v/ithout story 
contexts, have them each choose one of the examples and write a story that 
describes it. This way, you consistently link the process to real 
SI tuat Ions. 




LU 



•00 
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The Connecting Level 

This time, IMl model hew to record the symbolism for the regrouping when \/o 
solve a problem. 

Problem: 

Carrie cleaned out her toy drawer and found a sack of mnrbles. She dunped 
out the marbles and counted the solid colored ones. She found she had 18. 
Then she counted the others and counted 24 more. How many marbles were 
there in Carrie s sack? 
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l^/hat Is the equation for this story? (Record It on the board and continue.) 
V/eMi do this with your materials, but this tinie I'm goln'j to show you a way 
to keep track of your exchanges on your problem. Even though you can solve 
this easily, work along with me and see If you understand what I'm doing. 

Put out the 18 to show the solid colored marbles, and then 24 underneath to 
show the others. (Notice how I consistently link the materials back to the 
problem. This reinforcement Is invaluable for the studentv^^ 




Coni)lne the materials. V/alt for them to do this, then continue. Did you 
exchange ones to make another 10? Yes. Look at how I record that on the 
problem. I write the extra 10 above the other IC's. 



1 

18 

+ 24 



How many ones do you have? (2) I'll write that here. 
How many lO's altogether on your boards? (4) I'll v^rlte that here. 
So altogether, Carrie had 42 marbles 

Continue doing this until the students are comfortable and confident. On 
subsequent days, have the students write as you do so they can practice 
recording and check It against yours. They can practice In pairs as they 
did at the Concept Level. 



The Symbol Ic Level 

Continue, but have the students do the recording first for problems, and 
then you do it on the board so they can check* Eventually, they should be 
able to write independently without having you for a constant check. Again, 
have students v^rk in pairs on problems so they can got support and monitor 
each other. 

Allow the students to use the materials until they are comfortable enough to 
drop them on their o^;n. You can try, from time to time, to do problems vvith 
individual or small groups of students without the materials, having them 
try to visualize what they would be doing on their place value boards. 
You'll be able to gauge from their responses if this Is the appropriate time 
to do that. Don't rush It If It Isn't easily received. Remember, let the 
students push the curriculLin, not the other way around. 
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CLola May aporoach to teaching addition) 
Ganizer 

It is helpful to use a ganizer, a frame divided into three parts, " ^he tv K) 
small spaces represent parts. The larger area represents the whole. f 



The teacher sliould tell a story and do the probleni on the chalkboard or 
overhead projector as the students work with their ganlzcrs and chips. 

Teacher: "The balloonman has 4 red balloons." (Each student puts 4 chips In 
one small space, or part.) 

Teacher: "The balloonman has 3 blue balloons." (Each student puts 3 chips on 
the other small space. How many altogether?) 

CChildren move the chips down to the whole section and count.) 

The teacher should repeat this activity many times, using as many as nine 
objects for the sutjs. During the activity the teacher needs to have the 
students use the ganizer to help them understand, for example, that 3+4 Is 
the same as 4 + 3, that 0 + 7 Is the 7, and that 7 + 0 is 7. 

The next step with the frame Is to have the students use both nimeral cards 
and objects for the parts. i ■ - \ ' — p"" - 



Teacher: "The balloonman has 7 green balloons." (Children place the 
7~card.) "He has 2 red balloons." (Children place two chips.) "How many 
balloons does he have? Students count, beginning with 7; 7, 8, 9. 

Using both mineral cards and objects allows the students to count for only 
one of the parts. The students start with 7, and count 8, 9, for the two 
objects. 

After many activities using both numeral cards and objects, the teacher 
needs to ask: 

Teacher: "If you were to solve 3 + 6 = ?, which numeral card would you use, 
the 6 or the 3?" 

The students should know that It Is easier to use the 6 card and 3 objects, 
rather than the 3 card and 6 objects. 

As students practice the facts, they can use the ganizer franie for a nxxlel 
of addition. 



Each student should have a ganizer and chips or counters. 



• • • 



• • • 
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Another model for addition can be presented using Uniflx cubes. 
Unif ix Cubes 

To solve 5 + 3 = ?, the students take 5 cubes and 3 cubes, then Join them to 
form a train of 8 cubes. 



For the remainder of the session, we will participate In some motivational 
addition activities that provide students with mathematical practice. 



The first activity Is called Numbers with a Square , 
created by Dr. Lola May. (Show Transparency 1.) 



This activity was 



8 




This is an addition activity. First, we want to identify the position of 
each noTfcer shown on the diagram. 



V/bat nunber is above the square? (8) Below? (7) In? (5) On? C^) 
To the right? (6) To the left? (9) 

Once the students are acquainted with the position of the naTt)ers, they are 
ready to begin the activity. 

You must listen very carefully to the directions, then add, and then respond 
with the sun total . 

Example: What is the sun of jjn plus on? 

The participants should respond 9. 

Example: Right, left, top? 

The part Iclpanls should respond 23. 

27 

ERic 1 



This activity has two objectives. One is to give students practice in 
following directions and the secorJ Is to give students practice In 
addition. 

The activity can be made more difficult by changing the directions. For 
example: The teacher can ask, "Find the directions for the son 20." 
Students must look at the numbers and decide which numbers will make 20. 
Some possible solutions are: 

1. in. In, In, in 

?. on, on, on, on, on 

3. over, under. In 

^. left. In, right 

To give variety, the teacher can change the nLmbers around, in, and on the 
square to give practice with other combinations. For primary grades, the 
nuTt)ers can be smaller. For example: (Show Transparency 2.) 

1 




For the upper grades, the n^jnbers can have two digits. For example: 



n 



10 




?8 
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Word Value ProbleiTis 



There are many activities for providing students with 
This section of the workshop deals with act ivl tips for findina 
CSho\^/ Transparency 3.^ 



add 1 1 i on prnct i co . 
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For exanrple, this ci*art niay used for studenco in the lower primary 
grades. Place the alphabet letters In coltims and linit the nunber value of 
the colums to a maximan of five. Next, ask the students to find the value 
of words such as cat, dog, etc. 



When students become bored with this activity, increase the level of 
difficulty by asking the students to find words that are worth exactly 25 
points. 

The objective for this activity is to give students experience in writing 
ntmbers In colums and addition practice. 

(Show Transparency 4.) 

Thl5 activity provides an even greater level of difficulty because of the 
higher nimber values for the letters of the alphabet. A number is assignee^ 
to each letter of the alphabet. 

Ask the participants the find the *'co5t*' of their first nairo. Fxtend the 
activity by nsking the students to find the cost of their middle name, last 
name, and entire namc^. 

Some additional ideas that can be used with this format are: 
1. Find words that have a value between ^fO and 60. 



2. Find the greatest score for a word that has only two vowels. 
5. Find the five-letter word that has the greatest value. 



^. Find the six-letter word that has the least value. 



(Have the participants work in groups to find solutions to these four 
problems. Ask the groups to share their results.) 
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Some other ideas for work value activities can be found in the mathematics 
magazine "Arithmetic Teacher/* 

CShow Transparency 5.) 



A telephone dial can be a very useful and motivational idea for providing 
students with addition practice. Again, students can be asked to find v.x^rd 
values by finding the alphabet letter and corresponding nunbers. Also, 
students may be asked to find words that are equal to 10, 20, or 28 points. 
This gives more variety .^nd a higher level of difficulty. 

l-et's take a fev/ minutes to work these two activities. (Hand-out) 

Once the participants have completed the activities, discuss the fXDSSible 
solut Ions. 



Another way to give studonts practice In addition is to give them problems 
invol ving money. 

CShow Transparency 6.) 

look at this activity. The circle Is worth 10<:, the triangle is worth , 
and the square is worth 2<-. 

I would like for you to draw a picture that is v^rth 30<^, use only circles. 
Next, draw a picture worth 25^ using triangles and circles. Last^ draw a 
picture worth 35<- using circles, triangles and squares. 

C[)lscuss the answers with the part Icl [)ants . ) 




Money Probleins 
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(Show Transparency 7») 



This is a more difficult problem that requires students to add. Let's do 
the first problem together. Can you name six coins that are worth 50<:? (4 
dimes, 2 nickels) 

(Divide the participants into groups. Write the problems on cards. Give 
each group two problems to solve. 

Let each group share the solutions they found.) 

Punch-out aritfimetic is introduced as an additiOTi activity. (Shov; 
Transparency 8.) 
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In Punch-out Arithmetic, each student punches out the ntnixirs on the chart 
that add to make a given sun, using the fewest nLinber of punches. Each 
niriber may be used only once to show tlie given nunber. 

For oxcurple, v;lien the teacher asks a student to find the son 7^ using the 
nuTiberb on uhe chart, tfie student places an X in the colimns for 4, 2^, arid 1^. 

7 ^ 4 4 + 1 

Tills onower meets tiio requirements: The student has used the fewest nLirber 
of punclies and has used each ninber only once. 

The tccicher sliould stress that, the fewest nimber of punches nxjst be used and 
that each numl;or may be used only onco, or a student might an'-^v/er by using the 
nuTiber sevon times. 

To make 5^, start with 2I/ ^hon Ibj and finally, 2^. 

for variety, student?., ratlier tfian tlie teacher, can give the nLinbers to be 
found on tfio clicirt. This way students discover that not just certain 
nunt^ers can be made, but al 1 ntrijors through ?S5 can be made. 

To vary the activity, the teacher can ch.'jnqe the nunbers at the top. The 
rules nxjst be adjusted as v/ell 

Por example, rpultiples of 3, may be used, with the nunbers 3^, _9, 27 , 8x, 
•tnd 2^ 5 placed at tfie top of tlie chart. With this variation, the same 
nunbor may be used twice. One rule remains the same: Use the fewest nunber 
of punches. 
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Now, to make the nunber 1_, a student places two X's In tho three-box and one X 
In the one-box. 

Another variation of the activity uses the ninbers ^, 6^, 256, and 

1,02^ at tlie top of the chart. This time, any nLrt)er can be used as r^any as 
three times. 

Trouble Spots In Addition 
By: Lola May 



1. Addition 

The teacher needs to look at each student's results on a problem at the 
highest level of the a Igor I thru. If the problem Is done correctly, the 
teacher can assoiie that tlie student has mastered addition. 

Consider this problem: 

(Sliov Transparency 9.) 

6 '4, 8 9 7^ 
0, 5 3 6- 
+ 6 7 8 



Usually/ 3 rAudenl's first step in solving tlie problan v/ill be to add 1_ and 
6^. To do so. tlie student needs to know that the sirn of 1_ and 6^ is 13 . 

Thus, the teacher is aware that, after students understand the meaning of 
addition, they mu.st master the addition facts. 

Each student needs to have an autOTiatlc response to every addition fact. If 
somo of tho facts are not under control and the student is still counting, 
this trouble spot meist be eliminated. 

A .stAident In the sixth grr^ie who still needs to count to obtain some of tlie 
facts is operating with a groat handicap. 

The addition facts must be memorized. 



A fcict lb noiiorizorj by writing the whole fact, 7 4 G 13, and by saying the 
wtiole fact, *'5even plus six equals, tlilrteen," 

One hundred f<jcts cannot be ii^astered at one time. Rather, tlie teacher should 
liavo the students start with two or three facts. After the students have 
learned them, they can go on to ci few more. 

It should be nested that there nro 36 facts that have either £ or J. as one 
part, or addend. Very few students have trouble witli these. 

Thore are facts that have 2_ as one addend. These are also easy for 
i>tudents to master. 

3? 



Eight rrore fcicts are doubles. Doublo:^ seen easy for students, probably 
because on^y one nLrrt^er is Involved. 

Now the teacher needs to find out wiilch of the remaining facts are Cdusinc: 
difficulty for each stucJent. Then the student rrxist lenrn Ihe'ja facts. 

Diagnosing the specific facts to be mastered ar)d having the studcntf> 
memorize these facts v;ill fielp the students avoid trouble in the future. 

The next stop in the given problem is to add 13 + 8. The ]} Is not seen. 

6 '4, 8 9 7n 

n 6 7 8 



The learner is adding an unseen nuTt)er to a seen nurber. 

This is a trouble spot for many students. The only help the teacher can 
give Is tr offer the students many onf>ortunl t ies to practice rm^ntal matlu 

^4ental Math Practice 

Teacher: '^Start with 2, add ^, add JO^ subtract 2- Where nro you?" 

Students Ccin respond by holding up nunber cards i>o that the to.jclier can see 
the response of each stuJent. 

Each student is given a set of LO cards with the nunf^ers 0 through 9 printed^ 
on them. Now, each student can use one or two hands to show one- or two-digit 
answers in response to the teacher's questions. 

When students ''tell" their answers by holding up the nini)er cards, all the 
students have tirio to respond to the problem. 

Mt^ntal rnath should be part of every math program. It sfiould be practiced 
for al least five minutes each session, and at least twice a week. 

In the example given, 13 -+ 8 calls for adding a two-digit norther to a 
one-digit nifrber witfiout counting. 

3 7 W / 7 2 7 

+ 8 4- 8 + 8 + 8 

Each of the exanples above uses the basic fact, 7 -r 8. In each excuiple, tlio 
answer In the ores place is 5_. in each of the oxanples, the answer in the 
tens place place in one mo^e than the digit in the problem. 

Practice needs to be provided In which students are trained to look for tlu- 
boslc facts and then give the sun without counting. 
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This Is a special step and can be a trouble spot for those who have not 
learned to give an autonv/tic response. 



2 

5 8 9 7 
9, 5 3 & 

+ G 7 8 

1 

Vihen the stni ol a coltnn of nurrters is greater than nine, a nurber Is 
carried to the next colum. 

*^his carrying process ir> not called renaming, regrouping, or trading. The 
trouble spot in carrying i5 tiiat tfie students often carry the wrong digit. 

Primary teachers need to use concrete materials and to involve the students 
In trading. 

For example, in the problem given, after adding 7 + 6+8, SLin 21, 20^ ones 
are traded for 2 tens. Students now have 2 tens and one. The 2 tens are 
placed in the colLim with the other tens. 

Often, older students who have difficulty with n^then^tics have forgotten 
those tradinc) experiences. 

8 

7 



4 8 tt 
+ 27 42 



Ccximon Error Renicdial Work 

In this example, the student iiBy add 8-4 7 and get the sun 15^ then make the 
mistake of carrying the 5^ not tfie \0_, This is conrron error. 

If the teacher gives oxercisos in which the sun is written first, and the J_ 
i*^ carried to the tens, the student learns to carry the correct nari^er. 

In adding tine remaining colunns in the problem, all the steps are repeated. 

The need is to master each step. Then, several nunbers of any size can be 
added correctly. 

In the middle grade*, teachers can use a short diagnostic test. The results 
can give the toacher ar^ idea where students need fielp. 
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iS\KM Transpnroncy 10.) 

ADD 1 TION DIAGNOSTIC TEST 



1. ^5 



2. 65 3. 6 

+32 7 
+8 



it. its 

+ y 



5. 37 
+46 



10. 26,159 
9,^476 
+ 857 



'♦38 

+357 



7. 



297 
+455 



8. 609 
+297 



9. 4,896 
+3,548 



11. Write the nirbors in n colum and add. 
8,176 + 39 4 94b = 

The clnsr- should hnve no inoro f.han 10 minutes to caiplcto the test. 

Tlie teacher needs to look at the refAjlts of thii". test carefully. Much can 
be learned by nesting hfv; errors wore nvnde. 
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Problems 



Pi agnosi s 



1. if5 2. 65 Facts with str)s less 

+34 +32 than J^_. 



6 Col am addition of one-digit 

7 ntnbers. 
+8 



4. 48 Bridging, adding a two-digit 
+9 and a one-digit nLinber. 

5. 37 Carrying once. 

f). 458 Carrying once, with three-digit 

+357 nuTtjers. 

7. 297 Carrying tv/ice. 
«455 

8. 609 Carrying twice^ with zoro as 
+297 ^h^' digits. 

9. 4,895 Carrying three times. 
+3,548 

10. 26,159 Ragged addition, not all 

9^470 ntmbers have the same niirtier of 

+ 857 digits, carry 4 tim^iS. 

11. 8, 175 + 39 + 946 = ? Wrltinq nortiers in a col am, 

I's under Ts, lO's under lO's, 
and so on. 

;f there are orror5^ on tho tost, the teacher can check furllier and pro^Mde 
remedial work with tlie focus on each student's dpf iclencios. 

Tliis short tost .ilso can help with grr>»iping the students for instruction. 
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SUBTRACTION 



The meaning of subtraction Is whole^ part ^ find the missing part « 
Subtraction is the inverse operation of addition and is more difficult to 
learn. 

The subtraction facts need to be under control. Subtraction of larger 
nuil^ers requires mastery of the facts. Students who need to count to get 
the answer to a basic fact are not ready to subtract large nunbers. 

Knov;lng the basic facts is a prerequisite of subtraction of larger nLirbers. 

Let's look at a problem: 

(Show transparency.) 4,025 

-1.987 



To begin this [problem, the first step is to look at the digits in the ones 
place. Students look and then decide if the n'jTt)ers can be subtracted. 



Teacher: "In the set of whole numbers^ can you subtract T_ f rom 
Tho answer is, "No." 

This is a trouble spot. Students need to practice 1 ook i ng at digits before 
thoy start to subtract. 

To elimiriate this trouble spot, exercises like this one should be practiced. 
(Show transparency . ) 

V.'rlte N for no, if you cannot subtract. 
V/rite Y for yes^ if you can subtract. 



c 


8 


O 
L 


7 


9 


3 


2 


•/ 


-3 


-0 


-2 




-8 


-6 


M 


Y 


N 


Y 


Y 


N 


N 



Students ^.hould be given many opportunities to practice locking at whole 
nLiri^ors ar^d deciding whether or not thoy can subtract. 

The next step Is to look at two-digit numbers. If the digits In the ones 
place cannot be subtracted, write N. If the digits in the oner> place can be 
subtracted, do the v^4U)le problCTH. 

(Show transparer^.y . ) 



80 


70 


73 


8f) 


-21 


-23 




-32 


U 


5>6 


N 


5'< 
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Remember, any subtraction problem solved without borrowing Is a special 
case. Most problems require some borrowing. 



When the nunbers in the ones place cannot be subtracted, students need to 
borrow. 

The terms renaming, regrouping, and trading are sometimes used In place of 
borrowing. 

At the Concept Level 

As with addition, you should start subtraction with a word problem. It is 
important that problems with and without regrouping be presented together so 
students learn to sort out when It's necessary to exchange. 

Let's start with a v/ord problem. 

A school assembly was planned ibr all the 5^2 students to attend. On the 
day of the assenbly, 25 students were absent. How many attended the 
assembl y? 

-25 

Do you need to add or subtract to solve this problem? (Subtract.) What is 
the equation? (Record it on the board.) We'll use our materials to solve 
this. Follcv/ along with me. Put out 342 on your boards to show all the 
students in the school. 



How many students were absent on the day of the assembly? (25) Start with 
the units. How many units does that mean you have to subtract? (5) What's 
the problem? (There aren't enough.) Then you'll have to exchange one of 
your longs for 10 units. Do that and stop. 



How many units do you have now? (12) Do you have enough to subtract 5? 
(Yes.) Subtract them. 



Look back at the equation. V/e subtracted 5, but Lhe problem says to 
subtract 25. How much more do you need to remove? (20 or 2 longs) Can you 
do that? (Yes.) Then remove 2 longs . What do you have left on your boards? 
(3 flats, 1 long, and 7 units) Ho\^/ many students attended the assent)ly? 
(317) 

Notice that at this stage, you record the result. You do not symbolically 
represent the exchanges. You're present Inc the process conceptually, not 
symbol leal 1 y. 

Do not move to the next level (Connecting Level) untM students can function 
with ease, confidence, and accuracy. 
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At the Connecting Level 



At this level, you connect their concrete method to the standard algorithm. 
You do the recording wfiile the students work with the materials. We'll try 
the procedure now. 

We're going to do a subtraction problem. Even though you can do this 
easily, I want you to do It step-by-step with me so I can show you how to 
record what you do as you do It. Every time you either subtract some 
blocks or make an exchange, you'll have to stop, and Pll show you how I 
record what you've done. The problem we'll try Is: 

312 
-145 



Put out 312 on your boards. 



Start with the un 1 1 s . Hew nany do you need to subtract? (5) Vihat's the 
problem? (There aren't enough.) OK, you'll have to exchange. Exchange and 
STOP. 



Now, I'll record what you did and v*/hat the materials show not. 
Do you still have two units? (No, chere are 12. 'J Reco^'d. 



Now you have enough to subtract. Subtract the five units and STOP. I'll 
record what you have lefc. ^7) 



f4ow we'll go tc the longs and repeat the procedi re. Remember, you STOP for 
me to record 'it I.mo diffe^'ent limes — whenever you FXCHANGE and wt^enever 
you SUBTRACT. 

Continue. Here's hc^ the problem will look when you're finished: 
-I'^S 



1^7 
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At the Symbol Ic Level 



At the syntoUc level, students do problems without the materials. When 
helping them to nriake this transfer, encourage them to visualize the 
materials and talk about the nimbers In terms of units, longs, and flats. 
They may still need to go back and check their abstract work with the 
materials. Allow then to do this for verification as they need to. There 
Is no rushing this process. 

Now that we have experienced the three levels of instruction Concept, 
Connecting, and Symbolic let's look at some activities that provide drill 
and practice to reinforce subtraction skills. 

DIffy 

This is a subtraction game for two players. One player is the square and 
the other Is the diamond. 

1. The square starts by filling In all four circles with nurbers. (This Is 
on the outer square.) 

2. The dlarond inside and its circles get drawn, and the diamond player 
writes the difference between each of the square nurfcers In the circles. 

3. The square player goes again, drawing a square and circles and figuring 
the differences. 

^. A player loses when all four circles come up with zeros. 
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Get to Zero 



This is a subtraction game for 2 or 3 players. They need 3 dice. Each 
player needs a sheet of paper with all the players' names and 999 under 
each, as shown. 

1. Players take turns rolling the 3 dice. They arrange the 3 runbers that 
cofiie up In any order (235/352,532, etc.) and subtract that nunber from 
999. The others subtract also as a check. 

2. The players continue subtracting, trying to get to zero. 

3. First to zero wins, but they must get to zero exactly. 

4. At any time, a player may choose to roll 1 or 2, instead of 3 dice. If 
he/she can't subtract because the nurber left is too small, the next 
player plays. 



Shelby 


Sandy 


Helen 


999 


909 


999 














1 

1 _ 
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The Peculiar NuTiber — 6174 
Follow this sub\:raction procedure: 

1. Pick 4 different nunber s from 0-9. 

2. Arrange lher\^ to make the largest ntmber possible. 

3. Now 'crrange them to make the smallest ntmber possible. 
Subtract tlic small nimbei from the large one. 



- I 2 3'l 



■ ( XUi 

^/ '\ 

u i 



4. 
5. 



Now, take the nnswer and a-range those nunbers to make the largest 
nunber possible. 



6. And the smallest. 

7 . Subt ract - 

8. Keep doing this until you get to Sl7h. 



r.. ! 7 '/ 



For different corrb i r .at i ons of four niinbers, try to find o way to predict how 
many times you'll have to rearrange and subtract before you get the peculiar 
iiunber. 
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Double and Subtract 

This Is a game for two players. They start with 1000. 

1. The first player subtracts any nurber he chooses. 

2. The second player may subtract up to twice what the first player 
subtracted. 

3. The first player then can subtract up to the doi' ^e of what the second 
player subtracted on her turn^ 

Whoever gets to zero wins. lAflD 



This Is a subtraction card game for twc players. Remove the face cards from 
a deck. Aces are worth 1. Each student needs an equal pile of counters. 

1. Place the deck face down. 

2. Each student draws a card. They show one another. 

3. Whoever has the larger gets the difference between his nLfTt)er in 
counters from the opponent. 

^. Play continues until the deck Is used up. The player with the most, 
counters 

Is the winner. 

Students need to be taught the processes of addition and subtraction in v/ays 
In which the processes make sense. Using concrete materials gives them a 
way to link the processes to the physical world. Incorporating word problem 
instruction at the sane time links the processes to situations that call for 
their application. Though It Is Important that students learn to perform 
the operations ' abstractly. It Is equally Important that they learn to do 
this with firm conceptual understanding. Learning recipes or rules for 
manipulating numbers has little to do with understanding the processes of 
these two operations. 

Drill and practice will reinforce skills the students already have. It does 
not teach the concept. Be sure that you do not expect more from the drill 
than It can provide. At all times, keep In mind that the purpose of 
learning the algorithms for addition and subtraction Is to be able to use 
those skills to solve problems. 



Example: 




What^s the Difference? 
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MULTIPLICATION 



Students should be introduced to multiplication through a variety of 
materials and approaches. Before opening a textbook^ students should have a 
wel 1 -developed concept of multiplication, ^or older students who are still 
having problems with nxil 1 1 pi Icat Ion, It Is Important to go back to the 
concept development stage. Although this appears to be a waste of valuable 
time when you have so many other skills to cover, the student will continue 
to be frustrated and grow to hate rnath simply because tho understanding of 
the concept was never sufficiently developed. Once the understanding of a 
concept Is In place, building on that concept progr^jsses much faster. 
Multiplication, like any other operation, should be presented In real life 
problem situations to give relevance, a reason, for learning to multiply. 

There are many ways to Introduce the concept of multiplication without 
attaching It to any symbol I zat Ion. First, the student must learn the process 
In order to think through a situation and understand what is actually 
happening before trying to memorize facts. 

Concept : 

First, we presenc the concept using concrete objects which allows students 
to discover the relationship of nLfitiers. Then we present the same types of 
activities and connect them to their appropriate symbolism. This should all 
be done before turning to the abstract or total syntolism found In a 
textbook. For the sake of time, I villi be presenting activities at the 
concept level and will show you how to make the connection to the symbolic 
at the same time. 

The most concrete way of demonstrating multiplication Is through acting out 
situations. CHave participants dramatize problems.) 

(Show transparency.) 

has four students in her first reading group. She gave each 

student two hooks. How many books did she pass out? 

, ^ and were playing cards. dealt four cards to each 

student. How many cards were dealt? 

When connecting this to symbols. It should be shcv/n as both repeated 
addition and then as nxiltlpl icatlon. (_+_+_+_= ; x - ) 

Another way of Introducing the multiplication concept In a concrete method 
Is by using materials to represent problem situations, (beans, cubes, bottle 
caps, etc. Present problems similar to the following and have participants 
use the materials to represent the problems.) 

A tricycle has 3 wheels. The Smiths have ? tricycles. How many 
tricycle wheels do they have? 

had a birthday party and Invited 5 friends. Each friend was 

given 3 goldfish to take heme as a party favor. How many goldfish 
were given as favors? 
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When connecting this to symbols, the temiinology of factors and products 
should be developed, 

Robert Wirtz develoF>ed intersecting lines as a method of exploring 
multiplication relationships. 

Draw 2 parallel lines on the board. Ask the students to put down 2 sticks 
going in the same direction. 

Draw 1 line through the 2 pare lei lines on the board. Ask the students to 
put 1 stick across the 2 sticks, , 



"How many intersections do you have? What is 1 times 2?" 

Draw another line through the 2 parallel lines on the board. Ask the 
students to put another stick across the 2 sticks, "How many intersections? 
What is 2 times 2?" i j 



Draw another line through the 2 parallel lines on the board. Ask the 
students to put another stick across the 2 sticks, "How many intersections? 
What is 3 times 2?" | I 



Continue this procedure through 9x2, and then, using 3 sticks across, do 
the multiples of 3* 

As an extension, with the sticks set up, ask the student . to suppose another 
stick has been laid down, "How many intersections?" 

Example: 

"Suppose we put a sixth stick across the 3 sticks, how many intersections 
would you have? What is 6 x 3?** 

Another explanation could be to describe the 1 ines as roads tliat cross each 
other. Suppose there v;as a traffic light at each intersection. How many 
lights would there be? 

Students can practice drawing the lines and marking the "traffic lights" 
with dots. An extension of this activity is to draw lines and cover over 
the dots. Allow the students to guess the nunber of dots. 



The multiplication concept can also be modeled by using materials to build 
groups. This is a good activity for letting stucients discover the 
conrmuni tative property. 
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Instruct participants In the following way: 

a. Using the materials In front of you, niake 4 rows with 3 in each 
row. (V/alt for response.) Now make 3 rows with 4 In each row. 

b. Make 5 groups with 2 In each group. CWalt,) Now make 2 groups with 
5 In each group. 

Exercises like these allow students to discover the communltat ive property 
of multiplication. Understanding the conmjnitat Ive property will reduce the 
nunber of multiplication facts a student must memorize. 

Building rectangular arrays Is another way of modeling the multiplication 
concept. Have the students take 12 cubes, blocks, or tiles and arrange them 
In a sol Id rectangle. Look around the room at the various results. Point 
out that one has 3 on one side and 4 on the other. Another has 2 on one 
side and 6 on the other, or one may have 1 on one side and 12 on the other ♦ 
Let them record how many different possibilities there are by drawing the 
arrays on graph paper. 

Connecting: 

After fully developing the multiplication concert, it is time to connect It 
to the symbol I zat Ion. The recording should first be modeled by the teacher 
as It relates to a specific activity of concept development. 

Model recording the symbol I zat Ion, using the same kinds of activities as 
were used for developing the concept. Then pass out strips of paper with 
multiplication facts on them. Have the students match the written fact with 
problems from each of the activities. For example, given a written fact, 
have the student draw lines and crossing points that express the fact; have 
the student make up and record a story problem with the written fact; build 
an array, etc. 

Symbol ic: 

In the next step, the student records the syrrbol l/at Ion. Unfortunately, 
this is the step we usually begin with because of our textbooks. As you can 
see by developing the concept concretely you are developing understanding 
and not just teaching students to do something magical ^nd mysterious to 
narbers. 

I have demonstrated at the connecting level that multiplication is a short 
method of adding when the addends, or parts, are all the saf]V3 In nonber. 

It Is Important for students to see that If the ntmbers to be added are the 
same, then the operation of multiplication can be used. If the addends are 
different, only addition can be used. 

An exercise which will stress this Idea and help students distinguish 
between problems which should either be added or multiplied 1^ as follows: 
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Write Y for yes if it can be multiplied or N for no if it can't be 
nnultlplled. If it can be nr^ltiplied rewrite the addition problem as s 
multiplication problem. (Show transparency.) 



7 
7 

7 
+7 



6 
6 
6 

+6 



5 

9 
+3 



3 
3 
+3 



6 
8 
+6 



After the multiplication concept has been developed, then time can be spent 
on memorizing facts. As students memorize the facts, it is Important that 
they repeat the fact and not Just say the answer. The mastery of facts must 
precede the introduction of the multiplication algorithn' or compound 
multlpl ication. 

Drill can tal<e place without paper and pencil. Dr. Lola May recom-.iends each 
student having a set of 10 cards, each card with a nunber 0_ through 9_ printed 
on It, The teacher will then call out a problem. To keep some students 
from shoutlnq out their answers before the others have time to respond, the 
teacher can have the students "tell" their answers by holding up cards with 
the correct response. 




Anottner type of activity involves dividing the class into two or three 
teems. Each team earns points as its members find solutions to the 
problems. 

Chanting and singing enable some students to memorize nnul t ipl icat ion facts 
more easi ly. 
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Students are often overwhelmed and frustrated by the nortjer of facts to 
memorize. This frustration can be eased by demonstrat Ina the following 



activity using a multiplication chart, 
facts to be memorized. 



We will color code and analyze the 



(Pass out multiplication charts,) 



V 


0 


1 


Z. 






5 




7 






10 


O 


0 


o 


/-N 




o 


O 




o 


O 


o 




! 


1 

01 I 


1 


3 


M 
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1 


S 


q 


10 


2 


o 


z 








10 


II 
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20 


3 
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II 


IS 




n 


IM 


17 


SO 


4 


0 


u 


? 
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20 




z9 


?2 




MO 




0 


<p 


10 


(5 
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35 


MO 


MS 
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ar 
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0 
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MO 
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<? 
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<?c 




0 


lO 


At 


30 


MO 


SO 




70 


^0 







1, The ^ 1^ 1, 1/ and 10_ tables are the easiest, so we'll shade those 
products red. 

5, Since the cocrmuni tat ive property tells us many facts we already kno;, 
shade one of every two matching facts. For example, since 3 x 6 = 6 x 
5, shade the 6x3 box blue, 

3. Since the doubles are easy, shade the ones that haven't been shaded with 
yel low. 

Now the students can see that the actual nuiber of facts to be memorized has 
been greatly reduced. The difficult facts for students are usually: 
6x7, 4x8, 6x8, 3x7, 7x8, 4x7. 

These six facts could easily be drilled orally throughout the school day as 
a sponge activity. 

The nine facts are easy to lenrn because of several patterns or tricks. One 
pattern Is that the digits In the products always add to 9. (Example: 6x9 
= 54 — 5 + i+ = 9) (Transparency) 



Another nines pattern Is demonstrnted as directed belav: 



Write 0-9 In a coIltyi going down, and then repeat, going up. 



0 9 

1 8 

2 7 

3 6 

4 5 

5 4 

6 3 

7 2 

8 1 

9 0 
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A third "trick'' to aid In memorizing the nines facts is demonstrated by 
holding up the fingers on each hand In front of you. If the fact Is 4 x 9, 
lower the fourth finger on your left hand. There are three fingers to the 
left of the lowered finger and six fingers to the right. This represents 
the product of 36 (4x9=36). 

At the back of this packet are activities that may be used as drill and 
practice to aid students In memorizing the multiplication facts. 

After the facts have been mastered. Introduce missing factors. The language 
of factors and product should have been developed tfircughout the initial 
concept development stage. This skill Is a prerequisite to division and 
also an essential prealgebra skill. 

To Introduce missing factors, write a multiplication fact on tfie boarcf such 
as 3 X 9 = 27. Ask the following questions: 

What Is the product of 3 x 9? 
How many 3's make 27? 
How many 9's make 27? 

Then write the excftple as 3 x =27. Ask, "What Is the missing nanber?'* 

Explain that this Is called a missing factor. Repeat this activity with 
other multiplication facts. 

It Is Important to develop language In mathematics. Ask about missing 
factors In different ways such as the following: 



Eight times what number Is 48? 
What times 3 Is 24? 
Six times what ntrnber Is 36? 
V/liat times 5 Is 45? 

A multiplication chart nay also be used to Identify mlsslnci factors. Ask 
questions such as, ''What ntnber times 3 equals 12?" 
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A problem solving activity \*^lch students enjoy requires a set of nine cards 
or papers with the numbers 1 through 9 written on thern. Pin a card on the 
backs of two students. Have the class multiply the factors and say the 
product. Have the two students look at each other's oack and try to find 
their own factor, (Act out) 



Mul 1 1 pi ! cat I on Al gor I DmV. 

After the concept of multiplication his been developed and the facts 
mas^.ered, the student is ready for the multiplication algorithm. An 
algorltfrn Is a procedure for solving a mathematical problem. 

The first step In teaching the multiplication algorithm Is to relate It to 
concrete cxperl.'>nces and link to word problem situations before worrying 
about paper and pencil. In teaching the multiplication nlgorithri, we will 
follow the same Concept/Connect Inn/Symbol Ic process, 

iMl begin by showing you how to solve a problem using multiplication with 
graph paper and Base 10 materials, (Transparency) 

Everyone in the eighth grade received 3 free circus tickets. There 
were 24 students In Mr. Miller's class. How many ticket tore issued 
In the class? 

What Is the equation for the problan? (2'4x3= ? record on overhead r 

board.) On the grid, I will draw a rectangle 24 by 3- I will now fill In 
the rectangle with FLU materials, using the largest pieces I can first. 
Next, 1 will count up how much I've used to fill up the rectangle. That's 
how many 1 1 ckets the c 1 ass rece I ved a 1 together . The answer to the 
multiplication problefii Is called the product. The product of this problem 
Is 72, 

A concrete experieiice can also be used to develop understanding of a tv/o 
digit multlpl ler. 

Mr, Smith decided to replace the floor In his family room. He bought 
one-foot -square tiles. His family room measured 24 feet long by 13 
feet wide. Hov; many tiles d^d he need to buy? 

What Is the equr'.lon for the problem? (Record on overhead 24 x 13 =^ ) On 

your grid, drav. in the rectangle. Fill In the rectangle with FLU materials, 
beginning with the largest possible. Then count up how much you've used to 
fill up the rectangle, (Allow students time to count apd solve the 
probltxn, ) 
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^4ow you are ready to connect this concrete experience to ^he algorithm. 
will also shrw where the partial products come from In thv work you've been 
doing. At uhe connecting level the teacher records the partial product as 
well as the answer. 

The cente,' section of the school auditorlan has 14 seats. There are 22 
rows. Hav many seats are In the center section? 

Draw a rectangle that Is 22 by 14 on grid paper. Fill in with FLU materials 
as before. Split the rectangle (10 x 22; 4 x 22 as shown on transparency) 
and figure each side separately. Record how much Is in the right-hand side 
first, and then how much Is In the left-hand side. Add these two toqefher 
for the final answer. It Is easier to keep track of the problem this way 
rather than counting up all the blocks in the rectangle at once. This 
f.ietixxl of teaching the multiplication algorithm enables you to link It to 
a concrete understanding so the student can visualize the logic behind the 
method. 

When students transfer to the symbolic level, errors still occur. One err.r 
trouble spot occurs when the student has to multiply and then add. 

This error can be eliminated If students practice multiplying, then adding 
before they start to do compound multiplication at th<? symbolic level. 

(3 X 7) + 5 = (6 X 8) + 9 = (7 x 6) + 3 = 



Another trouble spot occurs vA^en recording the second partial p oduct. 
CDemonstrate on overhead 

398 
x27 ) 

To avoid this error, present problems in which a space is shaded under the 
ones colum as a reminder that there are no ones In the second partial 
product. 398 

x27 
2786 
7961 
10,746 

In the initial symbolic stage, vertical lines to help record partial 
products are often helpful. Often errors aren*t conceptual, they're just 
careless. 

398 
27 

It may help to visualize partial products in yet another way. 

46 
X 32 

2 X 'i6 
30 X 
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It Is always wise for students to check their work to know irrmod iately if 
their answers are correct. Students do not like to remultip^y, and, if they 
do renxjitlply, they could repeat their original error- To help students 
over this trouble spot, teachers can teach them to cast out nines to check 
multlpl Icatlon. 

Casting Out N^nes 

First; Practice adding digits until a one-digit nLirfcer occurs. 

4783 22 4 

3652 16 7 

It Is important that the students feel comfortable with adding digits before 
they begin to check problems by casting out 9's. 

Next: Pr 3Ct ice casting out any digits that add to 9. 

X/jJt — 7 
The 8^ and J[ add to 9_- Cast them out. 
Add 3. and 7. Is left. 

//// — 0 

The 5_ and _4 add to 9,- Cast them out 

The 2 and 6^ add to 9^. Cast them out 
£ is left. 

Xl/il/ — 7 

C^iSt out the 2 and 7^. 
Cast out the 9. 

Add 2 and I \s left. 

When tho 5^kills of adding digits and casting out nines is learned, students 
can check multiplication problems by casting out nines in the two factors 
and in the produ' 

Exanple: 

/7/ - 7 

32 = 3 

15,200 ^8 35 = 8 

The factor, ^475, casts out to 2- 

The factor, casts cut to 5. 

Thoir product, 7 x 5, is 35, which casts out to 8. 
The product of the problem, 1 5,200 , casts out to 8. 
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After students become skilled at casting out nlnes^ tliey can do It quickly 
and will not mind checking their multiplication problems to see If their 
computation Is correct. 

The tollov^*!ng activities may be used to make drill and practice of 
multiplication facts fun and enjoyable. 

Multiplication Activities: 

-L. Buzz 

Choose a ninnbe r f rem 1 to 9 , say 4 . Fhey are to go a round the c i rcl e 
count I ng from 1 . When a nuiter comes up that I s a mul 1 1 pi e of the 
student whose turn It Is must say ''buzz" Instead of the ntmber — for example^ 
"1, 2, 3, buzz, 5, 6, 7/ buzz," and so on. If a student names the nurber 
Instead of saying "buzz," he/she is eliminated from the game. Repeat the 
game with multiples of 2, 3, 4, 5, 6, 7, 8, and 9. 

2. Concentration Multiplication: Products to 81 

Players: 2 

Materials: Cards In tvjo colors, 8 of each color 

Write these facts on 8 Write these products on 8 

cards of the same color. cards of the other color. 
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How to Play: 

One player shuffles all the cards of one color arid pi es them, face down. 
In 4 rows with 2 cards In each row. Then he shuffles the other cards and 
places them, face down; 2 cards at the end of each row already down to form 
a 4 by 4 square. 

The other player goes first by picking up a card of each color. If the fact 
and the product he picks up match he keeps the two cards and takes another 
turn. 

If the cards do not match he places them back where they came from, and It 
Is the other player's turn. 

Play continues In this inanner until all the cards are picked up. 
The player with the most cards wins. 
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Multiplication: Products to 81 



Players: 2 or more 

Materials: Move Around board CShc^vn below.) 

Chips- a different color for each player. 
Multiplication Flash Cards 




How "-^ ^lay: 

Cards are shuffled and placed face down in a pile. Players In turn pick a 
card. If the product for their facts Is In the first circle they move to 
first circle. They move from circle to circle in this manner^ only moving 
ahead If the product for the fact drawn Is In the circle they are going to. 
If not, they lose a turn. The first player to get to the last circle v/ins. 

Greatest Product 

Find the greatest product. 

Materials: digit cards 0-9. 

Have the students make this pattern: 

□ □ □ 

X □ □ 



Have a student draw a digit cara and decide where he/she wants the digit in 
the pattern. Then the second card Is drawn and so on until five cards are 
drawn. Students then multiply. The s udent having the greatest product 
wl ns. 
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5. Two-operaL!on Drin 



SUM 
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The object* \/e of this activity Is to practice two operations, addition and 
mul t ipl feat Ion. 

Students are given two nunbers, and they give two nunbers back. For 
example, students are given the son 12_ and one part, 7_. To give back two 
ntmbers, they must determine the other part of the sLjn, or 5^ and the 
product, 7 X 5 = 35. 

Students are give 8^ and 6 and asked to find the sun, J[^4 and the product, 
iti- 

The teacher Indicates that the '5tin of two nurbers is 15_ and that the product 
of the same two nurters is 56^. Students must find the niinbers 7^ and 8^. 

Students are given the sun 17_ and the product 72_ and are asked to find the 
two parts, 9 and 8,. 

Here is a more difficult challenge for students: 

The sun Is 2}i and the product Is JAO. What are the tvo nurfcers'^ 

When students have difficulty with this problem, the teacher should tell the, 
"The hint Is In the zero. The hint Is In the zero in the oLnber 140." 

This problem Is for students In fourth grade and highc^ vvho have been taught 
that any nunber, multlpTed by jjO, has a product that i^nds In zero, '^en 
students see that a product ends with zero, they should knav that one of the 
factors is 2_0. 

A good r anple of bralntwister Is to give the students the son 2£ and the 
producl 56. The students have to think about the factors of 36 to get one 
large n *rber and one s^nall norfcer. 

VHral two ntrrbcrs add to 2£ and have a product of 36? 
The answer Is: IB^ and 2^ 

When students get this answer, they usually consider it gulte a victory 
because the problen is a difficult one. They have met the challenge. They 
also have met the objectives of the ac v/ity. They have practiced aacitlon 
and mul t Ipl I cat Ion. 
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6. The Greatest Wins 



This game Is for two or more players. They need four dice. The object of 
the game Is to get the largest product possible. Players take turns rolling 
the four dice. They each use the four ni,nbers they Individually rolled to 
make a multiplication problem. Their probl3m can either be a 2-dlglt times 
a 2-dlglt, or a 3-dlgit times a 1-dlglt. Winner of that round Is the person 
who gets the largest product from his dice. 

Extension: Given any four nimbers, devise a strategy that will 
consistently give you the largest product. 

7. Multiplication Hangman 

This Is a two-person game. One player makes up a multiplication problem and 
Qraws It In blank form for the opponent. That person guesses nurfcers. When 
a correct nunber Is guessed, the player who made up the problem writes it 
wherever It goes in the problem. The opponent may add other nLmbers he 
likes without asking. The person v;lth the problem does not tell him if his 
extra numbers are correcc or not, but just responds to guesses. Score how 
many guesses he had to make before he completed the entire problem 
correctly. Low score wins. ^ 

I ^ 



8. The Game of 110 

This Is a card game similar to blackjack, but involving multiplication as 
well. The idea of the game Is to get as close as possible to 110 without 
cjoing over It. It api^eared in the March, 1981, Issue cf The Mathematics 
Teacher. It can be played by iroup of four using an ordinary deck of 
play'nn cards. All cards are kept face up during play so all check one 
anothers ' scores . 

1. Two cards are dealt faceup to each piayer. 

?. Players nxiltlply the valuer, of their cards. (Picture cards are worth 
10.) 

5. if a student elects another card (a hit), the value of tli. s card is 

added to the score. 
^. If a student elects another hit, this value becomes a nxi' ier 

for tlie last card selected. 
5. If a stLKjr- ,c elects another hit, this valur Is added to th^- previous 

total. Steps 4 and 5 are repeated for further hits. 
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ExaiTpJe: 



!• A student Is dealt a 7 and a K. 
2. Her hand Is worth 70. (7x10) 

3* She elects a hit and Is dealt another 7. Her hand Is n^M worth 77. 

She elects another hit and Is dealt a 4. She recomputes her score: 7x10 

stays the same for the first tvjo cards and 7x^^ is her score for the next 

two. Her total Is 70 + 28 or 98. 
5. She gets another hit, this time a 9. Her score is nov^ 98 + 9, or 107* 

She stops thrre because the next card v^ll 1 have to be multiplied by the 9 

and then added to the 98, and will go over 110. 



9. Lattice Multiplication 

38 
X 67 
2546 



Add on the agonal 

607 
X 49 
29,743 



10, 



Race to 23^000 
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Do t'jn problems using the digits 0-9. See hew close you car' conie to 25,000. 
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DIVISION 



Before teaching the division algorithm, the concept of division must be 
Introduced and internalized by the student. We enable this to happen by 
presenting real-life problem situations, acting them cut and/or using 
concrete objects. Word problems that involve division can be introduced 
even In the primary grades as long as the concept Is Introduced through 
concrete materials with no nisnerlcal symbol I zat Ion. 

After presenting ways to Introduce the concept at both primary and 
intermediate grades, I will show you a method for teaching the division 
algorithm, using the Concept /Connect I ng/ Symbol ic approach. 

Division can be separated Into two types of situations. The first situation 
occurs when you divide objects Into several groups to find out how many are 
In each group. (Example: If you have a dozen eggs and six people eating 
breakfast, how many eggs can each person have?) 

The other division situation occurs when you make certain sized groups of 
objects and find out how many groups result. (Example: If each taxicab can 
seat five people and there are 20 people waiting for a cab, hu^' many 
taxicabs will be needed to accomrodate all the people?) 

Concept /Connect I ng/ Symbol Ic: 

Introducing division through word problems In situations that use both the 
students and props found In the classroom Is a C^od starting point. The 
following are examples of thJs at both the primary and intermediate levels 
and using both types of division. (Transparency) 

1(P). has 8 books. She puts thorn Into 4 piles of the same 

size. How many books are there In each pile? (.Vi example of f ov; 
many In each group) 

2CP). The teacher gives 12 crayons to . He Is told to give 3 crayons 

to each student. How many students receive crayons? (An example of 
how many groups.) 

iCO. There are 12 pencils on the teacher's desk to Lo given to honor 
roll students. If there are students on the honor roll, how 
many pencils will each student receive? (How many In each group?) 

2CI). The Mother's Club contributed a box of '+8 cookies to the class. If 
each student received 2 cookies, how many students received 
cookies? (How many groups?) 

Students need to understand that nr)St of the t in»e the answer to a division 
problem does not come out even. When It does not cane out even, tl^ere is a 
whole nuiber and a part left over »^fhlch Is called the remainder. It's 
Important to oovelop the vocabulary as you deveU^p tlie concept. 
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The students should be exposed to many problem solving situations which may 
be acted out* An alternate method Is the use of concrete objects to show 
the problems. Sample problems are as follows: (Transparency) 



^and 



are frogs In a pond. There are 3 



lily pads In the pond- The same nurber of frogs climb on each pad. 
How many frogs are on each pad? 

Tv^elve students are lined up to go on the ferris wheel. Three can fit 
In each car. How many cars will they fill up? 

I have 11 pieces of candy to share with my best friend. If we each get 
the same number of pieces of candy, how n^ny will we ench pet? 

The secretary gave you 15 pencils and asked you to put than in grouDS 
of 4. How many groups will you have? 



Our class Is planning a field trip. Parents will provide 
transportation In cars. Each car can carry four students, 
cars will be needed to carry 28 students? 



How many 



The library was giving away 40 old books that were no longer needed. A 
student could choose 3 books. If each studeno chose 3 books, 
how many students received free books? 

Division frames are another way of developing the division conv':ept. (Show 
transparency. Have participants draw a division franx) and fair share 
f ran ITS. 



Use beans, cubes, or mottle tops for shares.^ 
U U Q p"] 



U\ ^ p p ; 




Q o a a a C3(^" 1^^^ 

U a a aaa division frame 



fair 

share 

frames 



Beginning with 13 objects inside the framo, take the objects and make 3 fair 
shares* After the student has moved 12 objects, he will have 3 fair shares 
with 4 In each share and 1 left over which Is called the remainder, only a 
part of a fair share. CAji example of how many In each group) 



Ith dlvieicn frames, 
rafOQ. Now tell them 



To demon:>t! ^te tlie other type of division situation wl 
tell the studentr> to put 11 objects In their division f 

to plac^ 5 objects in each set. How many fair shares c"-^ they have? Ho/j 
many are left over? 



L ^""°'^ I <J □ □ a Q a(a) 
o □ Q a 



[aanaQ 
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Division can also be shown as repeated subtraction. For exanple, 14 divided 
by 3. Sttidents can use unlfix cubes to show a rod of 14. They can take off 
cubes In sets of 3. Then they find they have 4 sets of 3 with 2 left over 
or a remainder of 1. This problem demonstrates the division situation of 
how many groups there are. 



Remainder 



1, 



After students have developed an understanding of the division concept, the 
teacher should begin making the connection to nunerlcal symbol izat ion using 
the same kinds of problem-solving situations we have u5,ed at the conceptual 
level • 

The teacher should model both ways to record the problem nvithenat leal ly . 

14^3 3/Tr 

When students are ready to do their own recording, give tfiem a division 
equation and allow them to w r i t e their avn problem situations. (Write an 
equation on the overhead 5/24^ 24y5 and allow participants to write a 
problem to go with It.) Then have them choose their own equations and write 
problem situations for each other to solve. These can then be maintained as 
a set of division tc?sk cards. 

Students should continue to be allowed to solve problems using concrete or 
semi -concrete? objects even when they're functioning at the symbolic level. 

After moving through the connecting and symbolic stages using the div Jon 
frames, students should be able to find a missing norber In division by 
ro-creating the action they have performed on the division frame. 

Exanples: ^ 3 

Find the nussing numbers by u5,lng division frames. 

When students find the missing quotient, divisor, or dividend, they show 
they really understand the process of division. 

Once the division concept Is fully developed but before the algorithni is 
Introduced, students should understand the relationship between 
multiplication and division. It important that students see that they 
can use what they know about rrxjltipl icat Ion to help solve division problems. 
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Ask students to write a rTXilt Ipl Icatlon equation lo solve Ihe following 
prob 1 em . ( T ranspa rency ) 



There arc o students in the group. Each student needs ^ sheets 
of paper. How many sheets of oaper does tlie group need? 

Now use tile siT.ye situation to pose a different but related problefn: 

Suppose I had 32 sheets of paper and wanted each student tc iiave 4 
sheets. How many students do I have enough paper for? 

A di vision equation fits this situation: 32 J 4 r _?^ Ask: Mew can I use 
what I know about multiplication to help me solve this dWision equation? 

Students need nvany of these word problem experiences for thern lo see the 
relationship between the two ope r3t Ions. 

Students need to feel comfortable witli the symbolic o.xpression or the 
relationship between multiplication and divisiori. For every division or 
multiplication equation, there are tliree other related equations. 
(Show transparency.) 



Denonstralo using their knowledge nbout relationships to solve the following 
problem: 

If I have 21 cookier^ nnd would like to give each person 3 cookies, how 
many poc^plc will got cookies? 

3 fTT -r 7 3 ^ 

If I didn't kneMT ohe answer nnd wanted to bolvo it without tiie usr cf 
nvnt3rials, I could use wliat I know about .jxjI I i pi i c at ion. Whnl is the 
related nxil t Ipl lent ion equation? ^ x - ?] 

Somelimos writing out a multiplication table will help. 

3 X 1 per^.on = 3 cxK^kies 
j X 2 |;erson> ^ 6 c(X)kies 
3x3 persons = 0 C(X)kles 
S X ^1 persons - 12 cookies 
5x5 perscjns - 15 cookies 
3x6 persons - 18 cookies 
5x7 persons 21 cookies 

These are all exaiiplei- of various kinds of rrdvities t<^ which a studer.t 
should bo fxpo^ed befort^ you teach tlio standani o'vislon aljorith.i, 

kaiiomber, there are vnriour, rates of learning and styles of learning. By 
presenting concepts in >everal ways, youVo attempting to accormrdate these. 



21 ^ 3 

21 i 7 

7 X 3 

3 x 7 



7 
3 

21 
21 
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Of)c<i llie student has developed an understandinq of tlie concept, It is tlrx; 
to Introduce the algorithm using n^rUpul at 1 vos. As In multiplication, we 
will teach tfvi algorithm using the Concept/Connect Ing/Syrnbol Ic process. 



Division Algorithm: 
Concept : 

Once again, I wi 1 1 use a problem-solving situation using Ease 10 materials. 
Initially, at the conceptual level, wc vvi 1 1 only r ecord the r-esults and not 
the process . 

The class was going c>n a hike. There were 36 students in the class. 
The teacher asked them to get into groups of 3 so she could keop 
track of tfiem more easily. How many groups were there? 

This problem can be written mathematically 
as Pll show you hew to use tho FLU 

niaterlals to find the answer. Put 30 on your 
boe^rd. 
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The problefn Is to put 36 Into groups of 3. 
Start with the longs. Mike a group of 5 
longs, and put the group up above the board. 
How many groups did you put up there? (1) 
r>btlce where I write that. 

hiow move to the units. Make a group of 3 
anH move it above the board. You also have 
enough to make another group of 3; move that 
above tho board ahjo. How many groups do 
you have? (2) 

The solution is IT. That n>enn.s there is 1 
group of lonqs and 2 grou[)s of units Ir 30 
when we group by 3s. 

Sonietiriies exchrioging Is ntjccssary to '^,olve a problein: 

Lot's try another problem: Put 53 on 

your board, 

GrcAJp the longs ii^o groups of 2, How nviny 
groups? (2) Notico whoro I write tfiat. 

There is a long loft over. It's not enough 
to nviko nnothor g^'oup, but you can exchange 
It for units and then group them, fiow many 
units can you (*\chnnqe n \onq for? (10) 
Ho thcit nnci St ,p. 

How many units do y<ju liave dltogother? "1^) 
Group them into 2s, How nvnny groups'^ C6) 
ril record thai in the problan, 
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You still have a unit left on your board 
ThcJt Isn't enougli to make another group. 
It's called the remainder- Notice how 1 
record that: 1/1. This shows that there 
was 1 left, and wo were grouping by 2s. 

ProblfYns with a three-dig dividend a^'c done witli the same procedure: 

At a banquet, guests were seated '4 to a table. 
There were 572 guests in alK blow n<>ny tables 
were needed? 

This problem can be written as ^[JtT. Put 572 
on your boards- 

Start with the flats. Mp.ke a group of h and 
move them above your board. How many groups? (1) 

Notice you still have n flat loft on your 
board. That isn't enough to make another 
group of 4, so you'll have to exchange that 
for longs. L>o that. 

Now on to the longs. How many groups? C^) I'll 
record that. 

Notice there's a long left over. You can't 
just leave it there, and there aren'o enough 
longs to nvike another group. Exchange It lor 
units. How many units can you exchange the 
long for? (10) Do that; exchange and stop 

Now group the units into ^'s. Hav niany groupr.? 
(3) Any remainder? (No) So 572 divided [)y 
gives a result of 143. 

^ ice you feel that the btucients understand this, have thefn work in pairs for 
reinforcement at the Concept Level. It's sufficient for each of the pairs 
to do a total of six probUKiis n day for practice, alternating who due^^ It 
with tne materials, and \A^o records the answer. Bo carefui with the 
problems you choose. If yc)U limit them so tliere is cjnly 1 block to 
exchange, you're not likely to run Into a materlnlr- problen-i. 

Connect Ing : 

At this stage, yc)U begin to connect wliat tlio students cire doing concretely 
with tlie standarc' algorithm. Boghi tills stage onl y v/hen the student b ar e 
truly confident , even bored, witli the work at tlie Concept Level. Don't push 
\t; you'll only have to retoach later. Ren)ember, tlK^ student should set the 
pace cjf the c ^ ^r r Iculun, not tlio other way around . 
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I'm going to give yo<j a problem that Is easy 
for you to do now. But I want you to do It 
step-by-step with me because I want to add 
something new — a way to show more about 
what you're doing with the blocks In the 
written problem. 

There are 365 days In a calendar year. 

If the year was divided Into 3 equal 

parts, how many days would be In each third? 

Start by putting 365 on your board. 
Here's the new twist. Whenever you put some 
blocks ?nto groups and move them above your 
board, you have to STOP so I can record what 
you did. Start with the fhats. Group them 
Into 3s and STOP. 

Nc3W I'm going to record vvfiat you did by asking 
you three questions. You answer each of the 
questions and watch how I record each answer. 

Question Hi: ^iow many groups? (1) 

Question S2: How much did you put up ? That 
means how much you just tTioved up above your 
board, ^lats first. How many flats did you 
move up? ^3) Longs? (u) Units? (0) 

Question #3: How much Is left on your board ? 
Flats? (0) Longs? (6) Units? (5) 

OK, you've finished with the flats and you're 
ready to go on. Do you need to exchange? (No) 
Then group the longs Into 3s and STOP so I 
can record the answers to the 3 questions. 

Question #1: How many groups ? (2) 

Question #2: How much did you put up ? 
Longs? (6) Units (0) Since we were done 
with the flats, I didn't have to check on 
them again. 

Question #3: How much Is left on your board ? 
Longs? (0) Units? (5) 

Any leftovers to exchange? (No) Then on to 
the units. Group and STOP. 

Question #1: How many groups ? (1) 

Question if 2: How much did you put up ? (5 units) 
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Question 113: How mucfi is left on your board ? 
(2 units) 

Record your remainder. That*s it. 

At this point, several exanples will be necessary. Do as r,^any as you tliink 
are needed for the students to be able to do it in pairs, independently of 
you. It helps to write out these three questions so they can refer to Ihierr 
during this reinforcement time. 

Symbo 1 i c 

After the students can confidently, easily, and accurately do the recording 
with their partners, it's time to nx)ve on to the Synbol ic Level., At t^is 
1ev'?l, the students go through the sane procedure and language, but try 
doing it without the actual maninulatives. Do a problem with them vyriting 
on a chalkboard. Encourage them to visual 'ze the blocks and boards as 
you're writing and talking. 



Before students "inish their work wilii one-digit divisors, they need to 
lea short division. 

Short division requires mental vyork. Students do m\.jlt ipl icat ion and 
subtaction witliout writing da/n the numbers. 

9 6,3 ri- 



fe 



In this example, bj±/ 6 x 9, is subtracted f ran _57. The 2 »^ wr ittrr ' front 
of the 8. 

Next, 6 X 6 - 3G. Tl^.e is subtracted from '5Sj and the ^ writter m 
front of the 3. 

Then, 3x6- 18. The j8 is subtractoJ f rem Z3- remainder is ^. 

The next step is teacinng how to divide with c two-diqit c'ivisor. Students 
need to niaster division by multiples of ten beforn Ihey work with other 
tv\/o-c!igit divisors. 

The reason for v/orking with multiples of ten is thnt it. is alrrost as easy to 
nxiltiply i;y ^fO as it is to nxjlliply i^y 

[Mvidinq |)y other twc; didit nii]i)ors should not bo tnucjhl urU i 1 students have 
grasr>'()d the pritx iplos of dividiivj by multiples of tci. It this step is 
mastorod, it i.lsould help the student avoid trouble with twc^-digit divisors. 
Many of thos' types of problems rnn be used throughout the day as sponge 
activities,. Mental nxil t i pi Icat ion requires practice. 

The liidd(*n r)rerequi s i te ir, division with two-digit divisors is nr-ntal 
irxjl tipl icat ior .. 



Students need to loarn to multiply a two-digit nunrber by a one-dlqit nu .er 
mentally before they start division with two-digit divisors. rientally 
multiply 23 x 7. 

How did you multiply 23 x 7? (Allow time for brief discussion.) 

One might think of 21 3-^ 20. ^nd 3j then multiply 3x7. Hold that product^ 
21, mentally. Then^ multiply 20 x 7, add that product, JAO, to the first 
product, 21, for a total of 161 . 

23 20+3 
x7 x7 x7 



To save students from the struggle and frustration of v/orking with larger 
nLrmbers In division, the process can be broken down into steps. 

Exerciiies like these will help. 

Students are asked to write the first digit In the cuotlent. 1hen they 
write the nuTt>er of digits In the quotient. It helps to have the starting 
noTber. 3 XX 



FlnJ the beginning digit.: C3) Now find hew many uiqits will be in the 
quoti^^nt. (3) 

^he fi rst digit Is 7_. 
There are ^ digits in all. 

Find the beyinning digit and the nuTl)er of digits in the quotient. 

The prccedu'^e for teaching the algorithm of problems with two-place divisors 
Is exactly tlio same as with one place divisors. If you have a sufficient 
anxxjnt of nvjtorials, you can do any problem. However, the difficulty for 
students when the ninnbers are larger often Is their lack of fanilinrity with 
the niJTt)ers, not the proco^>s. What Is Important is that they have a firm 
conceptual base with slnpler problems and are introducod tr longer ones at 
the symbolic level when their naiiber facts and understand i tigs can handle it. 
This requires your judgment. 
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Checking Division: 

There are two vyays for stixJents to check lo see if division problms are 
correct, existing out nine5 Is one rriethod of checking. Also, division can 
he checked tlio long way by multiplying the divisor tinges the quotient, then 
adding the remainder. 

Exanples oi these two methods folU^v;: 

To check the problem by casting out nines, first cast our nines in each 
factor*;, nvjltiply results, and add the remainder. Then cast olI the 

nines In that sun. r>kDw, cast out the nines in the dividend. The two 
ncmbers should be the sanie. r— i I J 

ha ofo D; x/> Jev^d 

MJT^^" "^^r4_ '"^'^^ 

32- 

In th»^ follo'/iny exaiiple, the problwii is checked U^^nna way. '^\^t stuaenLs 
nxiltiply 15 tinit.r. 1'^?, then p.d'J the remainder of II. 

v;hen (ieveloping jny concept, it*s irr»porlant that stviderits expo^if^nce the 
concept iri a variety of ways. Even though they [ir.ve rearhoc! the synfcol Ic 
level, It hoip^ to return to sc<ie concrr-to experiences fron^. tirio to tine so 
they can reexperlence that in 1 iqlit of their riew unders*:rindings. Our 
overall goal is for students to becanc confident calculators as veil as 
undcr-jtandiny th'* use of the (Operations in a vfirioty o*" situations. 
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Division Activities 



Ganifc ill Concentration — Make a Ten 
Players: 2 



Division: Facth to Products of 81 



Materials: 16 division cards as shcMn belcv/. 



27 + 3 



8 + 8 



24 -i 6 



12 + 3 



H2 6 



21+7 



10 5 



56+7 



63 + 9 



18 + 6 



5^+9 



28 + 7 



48 + 8 



36 + 9 



r2 + 9 



14 + 7 



Hav to Play: 

One player shuffles the cards and places theni face dcv/n if rws v;ith ^ 

cards in each row. The other player picks up 2 cards. tlie sun of the 

answers for the 2 cards is 10, the player keeps the cards and takes another 

turn. If the answers do not add up to 10, the cards are placed face down, 

in the same places they came from. The next player takes 1 cards and plays 
in the same nanner. Play continues until all thr cctrds are used. The 
perr.on v/ith the most cards at the end is the winner. 

Vnr iat Ion: 

MaK€ up a oot of '.6 cards whose answers will pair off to make p. ^lid of 12. 
Game 1=2 Tug of War Division: Factb to Products of 81 

PI avers: 2 



Matetirils: Jug of War Board 
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Players: 2 

Materials: Chips — tv/o different colors, one color for each player, 
Gcam Board (Shown below) 

A sot of 7 cards for each of the nurt^ers ^, 5, 6, 7 and 8. 
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28 + 7 
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l-iow to Play: 

One player shufflo.n the nuinber cards and places theni face dov^.n in a pil*^. 
Each player, in turn, picks n card and places a chip on n fact that has that 
answer. If a player draws an answer that has a fact covered by the other 
player, he ran Uiip that chip off the board and put IWs otvn chip on instead. 
Keep playing imtil the board is covered with chips. The player with the 
nx)st chips on the board wins. 

Garne Krypto 

Gx>sor^ Nunbers *"ctrqet NaT^)er 

5 7 ]1 14 15 32 



The game Krypto w.is invented in California. It provicff-s an opportun^^y for 
studcntf^ working iri tean\s to use the niathefiiat ic al operatlc ns they have been 
taught to meet the challenge of proi^lrm <^.olvinq. 

In Krypto, students in the class call out five nuDjcrs from j_ through 20.- 
In the ox{imf)lo a'. '>ve, the chosen nijribcrs are 2/ Z/ 11/ ^^'^ 

The teaclier pu' s these nunt r-r*^ in a ^r^inK^ on the chn^ l^b< »arr^ 

After the five na^^>er^ are chosen, a sixth ^tucJer^ cal's cut .my narber froni 
21 through 50, This I5; the tnrcjet nuiijer. In tl^* oxainple ./(^^ the target 
r»iniber ii'> 37. 
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The teacher writes the target nuiber on the chalkboard. The class Is then 
divided Into teams • 



Students may use any operation — addition, subtraction, mul t ipl ? cat ion, and 
division. They niay use square root or factorial if they know ho^/. They can 
use any operation they have been taught. 

The goal Is to get the target nanber, using three or vxjre of the cliosen 
ntmbers . 

^Se teams earn points as follows: 

Three chosen nuifcers — 100 points 

Four chosen nLrt)ers — 500 points 

Five chosen nUTibers — 1000 points 

Each chosen ntirber can be used only once, students cannot add 3 3 to get 
because only one 3_ can be u5ed. 

Let*s consider the chosen niJTt>ers 2/ Hj 11. ^^^^ target ntnber 

12- 

Three chosen numbers may be used to earn 100 points: 11+7 + 14-32. 
Many students 11 get this answer, worth 100 points for their team. 

Some students will v/ork hard to use more than three chosen nLinbers. Scv^ 
may come up with 3 x 7 + 11 x (15-l4). 

Let*s take n look at thef ' olces: 

First, 3 X 7 - 21 
^!ow, 21 + 11 -- 32 

Next, the naiibers in parentheses: 15- 14 1. The students, will use this J[_ 
to mul t iply by 32 . 

All five numbers have been used. 

This activity can continue for seme time, and many solutions can be found. 
Much vo'^Iety is provided because of the cliildren's selectirn of nimbers. 

Before students start this activity, the teacher shoulfJ toll the class: 

**V»/ben nii^bers are selected at rardom, as you students will dc v;iien you 
choose five numbers and the target nijnber, computers have shown that in 
86 percent of the cases, using only the operations of addition, 
subtraction, mul tiol Icatic n, and division, all five niirbers can ^>e used 
to get the target nunbcr.** 

It Is lm;...rtant that the students understand this so that^ after a minute cr 
tv^. If the target ntmber is not found using all five nunbers, they v^/on*r 
g I ve up too eas My. 
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After all^ a chance to earn 1000 (X)int5 is worth working for. 



Sometimes the chosen narbers are difficult to work with^ and in takos a long 
time to find many solution' . 

V/hen this activity Is presented five or ten minuter brfore the unci of a 
period^ stu^ants can keep tryin.j to find solutions for homework. They can 
bring in their solutions the next day^ and the scores can be add3d lo the 
team r.core. 

Another way to prosent the activity is to limit the tir.^^ yiveri^ taking only 
the solutions, found in that time for the tecinis' scores.. 

Gairic t}5 Baby Krypto 

Aricthe»" verc^ion of this activity is Baby Krypto^ an exceM^^nt c.ctivltv for 
students in the second, third, and fourth grades. 

Chosen MijnbFrs Target \ -^mber 



The rules are the same: Ti^ie students call out five r^umbers, ihon o target 
nuTt)er, v;hich the teacfier writes on the chalkboard. 

In Baby i^rypto, tlie chosen noii^ers are from ]_ thrcur:h 1 0 , and the target 
nLrri:)er is fran _n through ?0 . 

Again, the class is divided into teams. The scoring i3 the '^-ame, 100 points 
for three chosen nail^ers, 500^ points for four chosen nuibers, and 1000 for 
all five chosen nimbers. 

Students can use addition, subtraction, mtil t i»)l ication and division. if the 
stud(}nts do not know hew to multiply and divide, thioy use addition and 
subtraction only. 

Three chosen nin±)ers: 3-^^-1/- l^f 
This solution is worth 100 points. 
Four chosen numbers: 9-^+7+2 ^14 
Thi^ is a 1>00 point solution. 

Perhaps ruiieone will think of a solution usino five ch' scr- riMi)o»''.: 7 + 

9 - (2 X 3) - 14. 

This 1 1 ve-rhos^n-naii^er solution is v^m-l1. 1000 r)C)ints. 



V/ith liaby Krypto, cai»putors -^hw that <i fiye-rari^er s(Wut f (.^in bu iour.cl in 
nx:)re tlian oO f orcent of the cases. Tlio tpachor sliould ^ xf/ Wn this to ri e 
students to oncourayo them to k(M»p tryinn for a t iv(}-Li to »on-niiW'0»" solution. 
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1. Give a student 24 or so counters and ask him or her 

TO PUT Ti;£M INTO GROUPS OF 10. WHEN THEY'VE DONE 
THIS. ASK THREE QUESTION'S: 



ERIC 



1. How MANY GROUPS DO YOU HAVE? 

2. How MANY EXTRAS? 

3. How MANY COUNTERS ARE THERE ALTOGETHER WITHOUT 
COUNTING THEM UP ONE BY ONE? 

If the student cannot tell without counting. THAT INDICATES 
HE OR SHE IS NOT MAKING USE OF THE GROUPING BY lO's AND 

needs more concept work. 

2. Check to see that the student can count by 10' s up 
TO 100. Up to 150. 

3. Give the student three numerals on small cards. Ask 
him or her to make the largest number possible from 
arr. nging these three numerals. ask for the smallest. 

ij. Dictate several numbers. The ones that will pick up 

LACK OF understanding ARE THOSE WITH ZEROS IN THEM: 

107. 2003. ^^020. AND so on. 

5. Show the student various three- and four-digit 
numbers and ask him or her to read them. 
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Valu« of Worda 



A 


B 
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E 


F 
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H 


I 
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K 
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M 
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4 
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9 




11 


12 
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S 


T 


U 


V 


w 


X 


Y 


Z 


14 


15 


16 


17 


18 


19 


20 


21 


22 


23 


24 


25 


26 



1. Find words that have a value 
betw een 40 and 60 points. 

2. Find the greatest score for a 
word that has only two vowels. 

3. Find the five-letter word that 
has the greatest value 

4. Find the six-letter word that 
has th'^ least value. 
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If ^ou odd iht volut of ooch t«tt«r( M« d, A"2, and so on }, then 
MATHEMATICS Is%«rm92. 

r«d mesr 

APPLE* 

AOOmON* 

SCHOOL*-; 

su^BHwe• 

WHtt your firsit\>Qa b«ICM ond find its voiuiL 



10 20 23 




ERLC 



ARITH^iETIC TFAC^fk 

o 0 

85 




I. Draw 0 picture. »vort^ 30 4- 

U^e only crhclfts. 

Use-/ -^Yiavy^^CS cindi C'Vc'e^,. 
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6 coins Hortn 50 ♦ 


21 coins worth 25^ 


S coins liorth 6D< 

1 


16 coins worth 25 < 



<i coins Korth ^ 



10 coins Kortn «l.00 
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16 coins worth 50 f 



2$ coins worth 60 f 
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ADDITION DIJ^GIIOSTIC TEST 



+34 ih. ' — 

— ii 

5. 37 6. 438 7 297 

8. 609 9. 4,896 10, 26,159 
+297 +3,548 9,476 
— ' + 857 

11. write the numbers in a column . -^d 
odd. 

8,176 + 39 + 946 - ? 
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-1.987 
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HAS FOUR STUDENTS IN HER FIRST READING GROUP. SHE 

GAVE EACH STUDENT TWO BOOKS. HoW MANY BOOKS DID SHE PASS 
OUT? 



AND WERE PLAYING CARDS. DEALT FQn^ 



CARDS TO EACH STUDENT. HOW MANY CARDS WERE DEALT? 



A TRICYCLE HAS 3 WHEELS, THE SMITHS HAVE 2 TRICYCLES. 
How MANY TRICYCLE WHEELS DO THEY HAVE? 



BIRTHDAY PARTY AND INVITED 5 FRIENDS. EaCH 



FRIEND ,,>o GIVEN 3 GOLDFISH TO TAKE HOME AS A PARTY FAVOR. 
How MANY GOLDFISH WERE GIVEN AS FAVORS? 
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Write Y for yes if it can be multiplied or N for no if 
IT can't be multiplied. If it can be Multiplied, rewrite 

THE addition PROBLEM AS A MULT I PL I CAT I C'.^l PROBLEM. 
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One digit multiplier - 



Everyone in the eighth grade received 3 free circus tickets. 
There are 2^ students in Mr. Miller's class. How many 
tickets were 'issued in the class? 



Two DIGIT MULTIPLIER ■ CONCEPT 



Mr. Smith decided to replace the floor in his family room. 
He bought one-foot-square tiles. His family room measured 
2^ feet long by 13 feet wide. how many tiles did he need 

TO BUY? 



Two DIGIT MULTIPLIER - CONNECTING 



The center section of the school auditorium has 1^ seats. 
There arf 22 rows. How many seats are in the center section? 
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AVOIDING TROUBLE SPOTS 



398 

2Z 

2786 
7961 

10.7^46 




x32 

2 X ^6 
30 X ^6 
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1. (P) HAS 8 BOOKS. She puts them into ^ piles of 

THE SAME SIZE. HoW MANY BOOKS ARE THERE IN EACH 

PILE? (An example of how many in each group.) 

2. (P) The teacher gives 12 crayons to . He is told 

TO give 3 CRAYONS TO EACH STUDENT. HoW MANY 
STUDENTS RECEIVE CRAYONS? (An EXAMPLE OF HOW MANY 
GROUPS. ) 

1. (I) There are 12 pencils on the teacher's desk to be 

GIVEN to honor ROLL STUDENTS. IF THERE ARE ^ 
STUDENTS ON THE HONOR ROLL^ HOW MAY PENCILS WILL 
EACH STUDENT RECEIVE? (HOW MANY IN EACH GROUP?) 

2. (I) The Mother's Club contributed a box of ^8 cookies 

TO THE CLASS. IF EACH STUDENT RECEIVED 2 COOKIES^ 
HOW MANY STUDENTS RECEIVED COOKIES? (HoW MANY 
GROUPS?) 
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, , , , , and are frogs in a pond. 

There are 3 lily pads in the pond. The same number of frogs 
climb on each pad. how many frogs are on each pad? 

Twelve students are lined up to go on the ferris wheel. 
Three can fit in each car. How many cars will they fill 
up? 

I HAVE 11 PIECES OF CANDY TO SHARE WITH MY BEST FRIEND. 

If we each get the same number of pieces of candy. HOW MANY 

will we each get? 

The secretary gave you 15 pencils and ^sked you to put them 

in groups of 4. How MANY GROUPS WILL YOU HAVE? 

Our CLASS is planning a field trip. Parents will provide 

TRANSPORTATION IN CARS. EACH CAR CAN CARRY POUR STUDENTS. 
How MANY CAFS WILL BE NEEDED TO CARRY 28 STUDENTS? 

The LIBRARY WAS GIVING AWAY ^0 OLD BOOKS THAT WERE NO LONGER 
NEEDED. A STUDENT COULD CHOOSE 3 BOOKS. IF EACH STUDENT 
CHOSE 3 BOOKS. HOW MANY STUDENTS RECEIVED FREE BOOKS? 
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There are 8 students in the group. Each student needs 4 
sheets of paper. how many sheets of paper does the group 

NEED? 



Suppose I had 32 sheets of paper and wanted each student 

TO have ^ SHEETS. HoW MANY STUDENTS DO I HAVE ENOUGH PAPER 
FOR? 
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If I HAVE 21 COOKIES AND WOULD LIKE TO GIVE EACH P'""SON 3 
COOKIESy HOW MANY PEOPLE WILL GET COOKIES? 

3 [21 OR 21 T 3 = 



21 V 3 = 7 

21 4 7 = 3 

7 X 3 = 21 

3 X 7 = 21 



Sometimes writing out a multiplication table will help. 

3x1 PERSON = 3 COOKIES 

3x2 PERSONS = 6 COOKIES 

3x3 PERSONS = 9 COOKIES 

3 X ^ PERSONS = 12 COOKIES 

3x5 PERSONS = 15 COOKIES 

3x6 PERSONS ^ 18 COOKIES 

3x7 PERSONS = 21 COOKIES 
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The class was going on a hike. There were 36 students 
IN the class. The teacher asked them to get into groups 

OF 3 so SHE COULD KEEP TRACK OF THEM MORE EASILY. HoW 
MANY GROUPS WERE THERE? 



At A BANQUET. GUESTS WERE SEATED ^ TO A TABLE. THERE WERE 
572 GUESTS IN ALL. HOW MANY TABLES WERE NEEDED? 



There are 365 days in a calendar year. If the year was 
divided into 3 equal parts. how many d^s would be in each 

THIRD? 



QUESTION 1 - How many groups? 
QUESTION 2 - How much did you put up? 
QUESTION 3 - How much is left of your board 



13 [ 1987 



13 13 13 13 13 13 13 13 13 
xl x2 x3 xM x5 x6 x7 x8 x9 

13 26 39 52 65 78 91 10^1 117 
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